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We treat continuum electrodynamics as an axiomatic formal theory based on the macroscopic
Maxwell–Minkowski equations applied to a thermodynamically closed system consisting of an
antireflection-coated block of a simple linear dielectric material situated in free-space that is il-
luminated by a quasimonochromatic field. We prove that valid theorems of the formal theory of
Maxwellian continuum electrodynamics are inconsistent with conservation laws for the energy and
the momentum of an inviscid incoherent flow of non-interacting particles (photons) in the con-
tinuum limit (light field) in the absence of external forces, pressures, or constraints (unimpeded
flow) through a continuous simple linear dielectric medium. That remains true even if we view
Maxwellian continuum electrodynamics as a subsystem: If we add a material energy–momentum
tensor to the electromagnetic energy–momentum tensor as a phenomenological resolution of the
Abraham–Minkowski controversy (as required by the past and current scientific literature) then
the total energy, the total linear momentum, and the total angular momentum are constant in
time but the four-divergence of the total (electromagnetic plus material) energy–momentum tensor
is self-inconsistent, violates Poynting’s theorem, and violates spacetime conservation laws. We also
show that demonstrably correct theorems of Maxwellian continuum electrodynamics are inconsistent
with the extant (Laue) application of Einstein’s special relativity to a dielectric medium. Obviously,
the fundamental physical principles of Maxwell’s electrodynamics, spacetime conservation laws, and
Einstein’s special relativity, which are intrinsic to the vacuum, are not affected. However, the extant
theoretical treatments of macroscopic continuum electrodynamics, dielectric special relativity, and
energy–momentum conservation in a simple linear dielectric, theories that are extrapolated (derived,
but with various assumptions, limits, and approximations) from the fundamental vacuum theories,
must be regarded as being mutually inconsistent for macroscopic fields in ponderable media. Having
proven that the extant applications of fundamental physical principles to dielectric materials result
in mutually inconsistent theories, we derive mutually consistent alternative theoretical treatments
of electrodynamics, special relativity, and energy–momentum conservation in an isotropic, homoge-
neous, linear dielectric-filled, flat, non-Minkowski, continuous material spacetime. There is sufficient
commonality with the classic macroscopic theories that the extensive theoretical and experimental
work that is correctly described by Maxwellian continuum electrodynamics, spacetime conserva-
tion laws, and dielectric special relativity has a nearly equivalent formulation in the new theory.
The more complex issues of the Abraham–Minkowski momentum controversy and the Rosen–Laue
dielectric special relativity dilemma have robust resolutions in the new theory.
I. INTRODUCTION
A. Physical Setting
The foundations of the energy–momentum tensor and
the associated tensor-based spacetime conservation the-
ory come to electrodynamics from classical continuum
dynamics where the divergence theorem is applied to a
Taylor series expansion of the density field of a conserved
property (e.g., mass, energy, momentum, number) of an
unimpeded, inviscid, incoherent flow of non-interacting
particles (e.g., molecules, dust, photons) in the contin-
uum limit (fluid, number field, or light field, for example)
in an otherwise empty volume [1]. Although the ten-
sor formulation of conservation laws was originally the
provenance of fluid dynamics (continuum dynamics), the
energy and momentum conservation properties of light
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propagating in the vacuum were long-ago cast in the
energy–momentum tensor formalism in which the light
field plays the role of the continuous fluid [2]. However,
extending the tensor-based theory of energy–momentum
conservation of the continuous light field in the vacuum
to propagation of the continuous light field in a continu-
ous linear dielectric medium has proven to be persistently
problematic, as exemplified by the century-old Abraham–
Minkowski momentum controversy [3–29].
An antireflection-coated rectangular block of a simple
linear dielectric material, with refractive index n, situ-
ated in free-space that is illuminated at normal incidence
by a finite quasimonochromatic field is a thermodynam-
ically closed system. Integrating over all-space σ, the
Abraham (linear) momentum
GA =
∫
σ
E×B
c
dv (1.1)
and the Minkowski (linear) momentum
GM =
∫
σ
n2E×B
c
dv (1.2)
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2are not constant in time as a finite electromagnetic pulse
enters the dielectric from the vacuum [6–10]. When the
field is entirely within an antireflection-coated (piece-
wise) homogeneous simple linear medium, the Abraham
momentum is less than the incident (from vacuum) mo-
mentum by a nominal factor of n. The Minkowski mo-
mentum is greater than the Abraham momentum by a
factor of n2 and it is therefore greater than the inci-
dent momentum by a factor of n. This used to be well-
known in the literature and it led to a Minkowski pull-
force on the medium [6]. Contrariwise, some recent au-
thors [9, 13, 14] claim that the Minkowski momentum
is conserved or “almost” conserved based on the four-
divergence of the Minkowski energy–momentum tensor
being negligible. (Equivalently, the three-force in the
Minkowski momentum continuity equation is considered
to be negligible.) Pfeifer, Nieminen, Heckenberg, and
Rubinsztein-Dunlop [9] present both facts in their com-
prehensive review article showing that the Minkowski
momentum is greater than the incident momentum by
a factor of n in Sec. 9A and noting that the Minkowski
momentum is almost conserved in Sec. 8C1. There are a
lot of unresolved contradictions in the extant theory and
we identify some new contradictions here.
In the settled theory on the subject [6–17, 19, 20, 23,
24], the Abraham and the Minkowski momentums are as-
sumed to be momentums of electromagnetic subsystems
and the total momentum is assumed to be the Abra-
ham electromagnetic subsystem momentum GA supple-
mented by the kinetic material subsystem momentum
Gkin and/or the Minkowski electromagnetic subsystem
momentum GM supplemented by the canonical material
subsystem momentum Gcan [9, 10, 16]. In this work,
the (finite) field is incident from vacuum and the dielec-
tric is initially stationary in the rest frame. The system
is thermodynamically closed such that the total (electro-
magnetic plus material) momentum of the system is a
known quantity that is equal to the electromagnetic mo-
mentum of a quasimonochromatic field that is normally
incident from vacuum onto an antireflection-coated block
of material that is at rest in the local inertial frame of
reference.
The material momentums are constructed such that
the total (electromagnetic plus material) linear momen-
tum [10, 16]
Gtotal = Gincident = Gem + Gmaterial (1.3a)
Gtotal = GA + Gkin = GM + Gcan (1.3b)
of a finite pulse of the continuous light field in a continu-
ous simple linear dielectric material is constant in time as
required by the spacetime conservation laws [1, 2, 9] for a
continuous fluid. Clearly, Gkin = (1− 1/n)Gincident and
Gcan = (1− n)Gincident when the electromagnetic pulse
is fully within an antireflection-coated, isotropic, homo-
geneous, simple linear dielectric medium. The material
energy is constructed such that the total (electromagnetic
plus material) energy is equal to the incident energy [9]
Utotal = Uincident = Uem + Umaterial (1.4a)
Utotal = UA + Ukin = UM + Ucan (1.4b)
and is constant in time as the light pulse propagates
from the vacuum into the antireflection-coated mate-
rial. The total energy–momentum tensor is the sum
of the Abraham energy–momentum tensor and a ki-
netic material energy–momentum tensor. Separately,
the total energy–momentum tensor is the sum of the
Minkowski energy–momentum tensor and a canonical
material energy–momentum tensor. That is [9],
Tαβtotal = T
αβ
incident = T
αβ
em + T
αβ
material (1.5a)
Tαβtotal = T
αβ
A + T
αβ
kin = T
αβ
M + T
αβ
can . (1.5b)
Note that we are studying basic physics in a theo-
retical model. Dispersion is included in the lowest or-
der of approximation by the dependence of the refrac-
tive index on the center frequency of the monochro-
matic/quasimonochromatic field. “Real world” issues,
like absorption and higher orders of dispersion, can be
added later, but right now they are an unnecessary com-
plexity and a distraction. We do not address hypo-
thetical/pathological conditions. In any event, the to-
tal energy–momentum tensor of the closed (electromag-
netic plus material) system will remain traceless and di-
agonally symmetric throughout propagation of the field
from the vacuum and into and through the transparent
dielectric if the energy–momentum tensor of the inci-
dent field is traceless and diagonally symmetric in the
vacuum. Although many articles on the subject of the
Abraham–Minkowski controversy contain a disclaimer
that the energy–momentum tensor is not required to be
diagonally symmetric [2, 9, 13], they are usually implic-
itly or explicitly invoking a subsystem concept [13]. As
a matter of equality, the total energy–momentum tensor
of a conservative system remains symmetric if the total
energy–momentum tensor of the incident field is symmet-
ric. Obviously, Brevik’s [30] admonitions against the ap-
plication of conservation laws to subsystems do not apply
to the total energy, the total linear momentum, the total
angular momentum, or the total energy–momentum ten-
sor of the complete and closed system that is considered
here and in Refs. [18, 21, 22].
It has long been known that the macroscopic Maxwell–
Minkowski field equations are inconsistent with con-
servation of momentum. That is the origin story of
the century-old Abraham–Minkowski controversy [6–10].
The difference between the total momentum, which is
decided by the fact that the total momentum is con-
stant in time in a thermodynamically closed system, and
the electromagnetic momentum that is derived in various
ways has generally been attributed to the existence of a
phenomenological material momentum that is associated
3with the movement of matter in a microscopic picture
of a dielectric substructure [6–10]. We note that such
a subsystem is adverse to the continuum limit that is a
foundational concept of Maxwellian continuum electro-
dynamics. Nevertheless, the assumption of identifiable
electromagnetic and material component subsystem mo-
mentums is commonly made and assumed to be settled
physics in the scientific literature [6–10].
While the physical origin and characteristics of the
phenomenological material momentum have been de-
bated for many decades, experimental demonstrations
of a material momentum have been variously inconsis-
tent, contradictory, and refuted [6, 24–29]. Likewise,
theoretical treatments of the Abraham–Minkowski con-
troversy [7–13, 15–23] have not provided a consistent
physical solution. In 2007, Pfeifer, Nieminen, Hecken-
berg, and Rubinsztein-Dunlop [9] reviewed the state of
the field and concluded that the issue had been settled
for some time: “When the appropriate accompanying
energy–momentum tensor for the material medium is
also considered, experimental predictions of the various
proposed tensors will always be the same, and the pre-
ferred form is therefore effectively a matter of personal
choice.” Three years later, Barnett [16] offered a more
restrictive resolution of the Abraham–Minkowski debate
by contending that the total momentum for the medium
and the field is composed of either the Minkowski canoni-
cal momentum or the Abraham kinetic momentum, each
supplemented by the appropriate canonical or kinetic ma-
terial momentum. Although the Barnett [16] and Pfeifer,
Nieminen, Henckenberg, and Rubinsztein-Dunlop [9] the-
ories are based on fundamental principles, Barnett’s re-
striction to two simultaneous physically motivated elec-
tromagnetic momentums is contradicted by the mathe-
matical tautology that underlies the analysis of Pfeifer,
et al., and vice-versa.
According to the Scientific Method, a scientific hy-
pothesis must result in a unique testable prediction of
physical quantities. There are many examples in the ex-
perimental record in which the interpretation of momen-
tum experiments is unrestricted with experiments that
prove the Minkowski electromagnetic momentum later
being shown to prove the Abraham electromagnetic mo-
mentum and vice versa [6]. Likewise, experiments that
disprove the Minkowski momentum are later re-analyzed
to confirm the Minkowski momentum and similarly for
the Abraham momentum [6]. The non-uniqueness of the
electromagnetic momentum and the non-uniqueness of
the material momentum for light in a dielectric are con-
trary to Popper’s criterion of falsifiability and constitute
a violation of the Scientific Method.
The prior work appears to present a very complex sit-
uation because some experiments support the Abraham
definition of momentum and other experiments support
the Minkowski momentum formula. This might suggest
to some readers that the Scientific Method needs to be
malleable in order to accommodate the complication of
experimentally proven non-unique momentums. How-
ever, appeal to complexity is a fallacious application of
the Scientific Method. The problem is that electromag-
netic momentum is not measured directly. Instead the
force due to optical pressure on a mirror inserted in a
fluid dielectric is measured and related to the change in
electromagnetic momentum [6, 9, 31]. Using the Abra-
ham, Minkowski, or other momentum formula to relate
the measured quantity to the momentum creates a cir-
cular, self-proving theory, see Sec. 7. Consequently, ex-
periments cannot provide a definitive resolution of the
Abraham–Minkowski controversy [30]. In order to be
theoretically definitive, the present work is based almost
entirely on the unique, unseparated, total momentum or
the corresponding total momentum density. The Abra-
ham and Minkowski electromagnetic momentums and
their associated material momentums are used primar-
ily to draw distinctions with the prior work.
In a thermodynamically closed system, the total mo-
mentum, like the total energy, is a known quantity that
is uniquely determined by being constant in time. Then
the total energy density and the total momentum den-
sity components of the total energy–momentum tensor
are uniquely decided by time independence of the spa-
tially integrated total energy and total momentum den-
sities [18, 21, 22]. The construction of the unique to-
tal energy–momentum tensor [18, 21, 22] from these to-
tal energy density and total momentum density com-
ponents gets us congruent with the Scientific Method
and definitively resolves the Abraham–Minkowski con-
troversy. That is the generally accepted resolution of the
Abraham–Minkowski controversy. Except that there
are problems here, too. Applying the four-divergence
operator to the unique total energy–momentum tensor,
one obtains spacetime conservation laws in the form of
continuity equations for the total energy and the total
linear momentum [9, 18, 21, 22]. It is easily argued that
the conservation law for the total energy, so obtained by
applying spacetime conservation laws to the total energy–
momentum tensor, cannot be incommensurate with the
Poynting theorem that is systematically derived from the
Maxwell–Minkowski field equations for a simple linear di-
electric. It is also easily proven that i) the energy conser-
vation law, derived from the four-divergence of the total
energy–momentum tensor, is self-inconsistent because its
two non-zero terms depend on different powers of the re-
fractive index and ii) the conservation law for the total
energy that is derived from the four-divergence of the to-
tal energy–momentum tensor is undeniably incommensu-
rate with the Poynting theorem [18]. The current author
[18, 21, 22] made the ansatz of a Ravndal [32] refractive
index-dependent material four-divergence operator and
demonstrated consistency between the field equations
and total energy–momentum conservation laws, at the
cost of apparent problems with special relativity. Then
we have fixed the Abraham–Minkowski momentum con-
servation problem only to have the issue re-appear in a
different form elsewhere.
In this article, we investigate the relations between
4field theory, continuum electrodynamics, conservation,
special relativity, and spacetime in a simple linear di-
electric medium, where a simple linear dielectric is an
idealized model of a linear dielectric that can be treated
as having a real, time-independent permittivity in the pa-
rameter (frequency) region of interest. We derive a new
set of field equations based on a Lagrangian in which the
kinetic and potential terms are explicitly quadratic in
the macroscopic electric and magnetic fields as required
for a conservative system with real eigenvalues. Space-
time conservation laws, which are intrinsic to the vac-
uum and to Minkowski spacetime, are recast in the con-
text of an isotropic, homogeneous, linear dielectric-filled,
flat, non-Minkowski, continuous material spacetime with
a time-like coordinate that corresponds to ct/n instead
of ct. We show that energy and momentum evolution
equations that are derived from the new set of field equa-
tions provide a self-consistent resolution of the Abraham–
Minkowski controversy in terms of a traceless, diagonally
symmetric, total energy–momentum tensor in which the
total energy and the total momentum, which are ob-
tained by spatially integrating the respective densities,
are constant in time as a quasimonochromatic field prop-
agates from the vacuum into the antireflection-coated
medium. We derive, from first principles, the previ-
ously phenomenological/heuristic Rosen [32–34] version
of dielectric special relativity that applies to a contin-
uous material spacetime. In contrast, the more famil-
iar Laue [35, 36] dielectric special relativity applies to a
vacuum-based observer in a privileged Laboratory Frame
of Reference [37]. Finally, we show that the existing ex-
perimental record is consistent with the new momentum
formula when interpreted in the context of the material
spacetime.
B. Procedure
Classical continuum electrodynamics can be treated
as a formal system in which the macroscopic Maxwell–
Minkowski equations and the constitutive relations are
the axioms. Theorems are derived from the axioms using
algebra and calculus. In this article, we derive valid theo-
rems of the formal theory of Maxwellian continuum elec-
trodynamics from explicitly stated axioms using substitu-
tions of explicitly defined quantities: there are no implicit
axioms and no manifest deficiencies in the derivations.
Noting that spacetime conservation laws [1, 2, 9] (that
are reviewed in Sec. 3B) and the macroscopic Maxwell
field equations for a linear dielectric medium are dis-
tinct laws of physics, we show that valid theorems of
Maxwellian continuum electrodynamics are proven false
by the spacetime conservation laws for an inviscid, in-
coherent flow of non-interacting particles (photons) in
the continuum limit (light field) through the continuous
dielectric medium and in the absence of external forces,
pressures, constraints, or other impediments (unimpeded
flow). When a valid theorem of an axiomatic formal the-
ory is proven false by an accepted standard then it is
proven that one or more axioms of the formal theory are
false. Alternatively, the standard with which the theorem
is being compared is false or both the theory and the stan-
dard can be simultaneously false. Therefore, the extant
theoretical treatments of macroscopic energy–momentum
conservation and Maxwellian continuum electrodynamics
must be regarded as being mutually inconsistent in a re-
gion of space in which the effective speed of light is c/n.
Nevertheless, there is a generally accepted “fix” in
which a hypothetical material momentum and a phe-
nomenological energy–momentum tensor is added to the
rigorously derived electromagnetic quantities. We prove
that the fix is false because the four-divergence of the
total (electromagnetic plus material) energy–momentum
tensor is self-inconsistent, violates Poynting’s theorem,
and violates spacetime conservation laws.
Having proven the original version and the phenomeno-
logically patched version of Maxwellian continuum elec-
trodynamics to be manifestly false in a simple linear di-
electric medium, it is customary to propose an alter-
native theory. In the continuum limit, the electromag-
netic field and the dielectric medium are continuous at
all length scales. We define an isotropic, homogenous, lin-
ear dielectric-filled, flat, non-Minkowski, continuous ma-
terial spacetime Sd(x¯0, x, y, z). For many purposes, the
time-like coordinate x¯0 can be treated as being equiva-
lent to ct/n. In this spacetime, the basis functions of
propagating electromagnetic fields, [exp(−i((nω/c)x¯0 −
(nω/c)kˆ · r)) + c.c.]/2, are what we would expect for
monochromatic, or quasimonochromatic, fields propa-
gating at speed c/n in a linear dielectric, instead of
[exp(−i((ω/c)x0 − (ω/c)kˆ · r))+c.c.]/2 that are the basis
functions of Maxwellian electrodynamics, where x0 = ct.
Obviously, kˆ is a unit vector in the direction of propaga-
tion. Consequently, there is a fundamental difference in
approach between an organically continuum-based elec-
trodynamics and the macroscopic average of microscopic
fields interacting with a collection of individual particles
in the vacuum. Furthermore, the assumptions, approx-
imations, and averages that are implicit in the macro-
scopic model are not reversible. Specifically, we cannot
re-discretize or un-average a continuous dielectric with
macroscopic refractive index n anymore than we can as-
certain the velocity of individual particles in an ideal gas
with temperature T .
We apply Lagrangian field theory in the isotropic, ho-
mogeneous, linear dielectric-filled, flat, non-Minkowski,
continuous material spacetime Sd(x¯0, x, y, z) to system-
atically and rigorously derive equations of motion for
macroscopic fields in a simple linear dielectric. These
equations of motion are the axioms of a new formal the-
ory of continuum electrodynamics. There is sufficient
commonality between the new equations of motion and
the macroscopic Maxwell–Minkowski field equations in a
dielectric that the extensive theoretical and experimen-
tal work that is correctly, or nearly correctly, described
by the macroscopic Maxwell–Minkowski equations has an
5equivalent formulation in the new theory. More interest-
ing is the work that we can do with the new formalism
of continuum electrodynamics that is improperly posed
in the standard Maxwell theory of continuum electrody-
namics. These cases will typically involve the invariance
or tensor properties of the set of coupled equations of
motion for the macroscopic fields. This interpretation is
borne out in our common experience: the macroscopic
Maxwell–Minkowski equations produce exceedingly ac-
curate experimentally verified predictions of simple phe-
nomena, but fail to render a unique, uncontroversial, ver-
ifiable prediction of energy–momentum conservation of
electromagnetic fields propagating in a simple linear di-
electric medium. An analogy can be made to Newtonian
dynamics that accurately described all known dynamical
phenomena until confronted with Lorentz length contrac-
tion and time dilation, the Michelson–Morley [38] exper-
iment, and Einstein’s relativity.
Spacetime conservation laws are distinct from the
energy-like and momentum-like evolution theorems
that are systematically derived from the macroscopic
Maxwell–Minkowski field equations, although the lat-
ter are sometimes incorrectly referred to as the macro-
scopic electromagnetic energy and momentum conserva-
tion laws. In continuum dynamics, spacetime conserva-
tion laws are derived for the case of an unimpeded, in-
viscid, incoherent flow of non-interacting particles (dust,
molecules of a fluid, etc.) in the continuum limit in an
otherwise empty volume [1]. Applying the divergence
theorem to a Taylor series expansion of a density field of
a conserved property (mass, energy, momentum, number,
etc.) in an empty Minkowski spacetime results in a conti-
nuity equation (conservation law) for the conserved prop-
erty [1]. We show that applying the same derivation pro-
cedure to a non-empty, linear dielectric-filled, isotropic,
homogeneous, flat, non-Minkowski, continuous material
spacetime produces a continuity equation for a conserved
property in a simple linear dielectric that requires differ-
entiation with respect to an independent time-like vari-
able x¯0, which is identified with ct/n, instead of x0 = ct.
We then construct the diagonally symmetric, traceless,
total energy–momentum tensor as an element of a valid
theorem of the new formal theory of continuum electro-
dynamics. We show that the spatial integrals of the to-
tal energy density and the total momentum density are
constant in time as the field propagates from the vac-
uum into the medium and that valid theorems of the
new formal theory correspond to continuity equations for
the conserved properties in a dielectric-filled spacetime.
The tensor properties of the new formulation of contin-
uum electrodynamics constitute a definitive resolution
of the Abraham–Minkowski dilemma. The unique total
energy–momentum tensor that is derived by the new for-
mal theory is entirely electromagnetic in nature. Conse-
quently, there is no need to assume any “splitting” of the
total energy, the total momentum, or the total angular
momentum into field and matter subsystems in order to
satisfy the spacetime conservation laws for a simple linear
dielectric: i) In the case of quasimonochromatic optical
radiation incident on a stationary homogeneous simple
linear dielectric draped with a gradient-index antireflec-
tion coating, the surface forces are negligible. Then, the
total energy, the total linear momentum, and the total
angular momentum are purely electromagnetic and the
dielectric remains internally and externally stationary.
ii) In the absence of an antireflection coating, the dielec-
tric block, as a whole, acquires momentum due to the
optically induced surface pressure that is associated with
Fresnel reflection and this must be treated by boundary
conditions, not by a hypothetical, unobservable, internal
material momentum. The dielectric remains internally
stationary.
Special relativity must also be consistent with electro-
dynamics in our isotropic, homogeneous, linear dielectric-
filled, flat, non-Minkowski, continuous material space-
time that represents the simple linear dielectric. Ein-
stein’s theory of special relativity was derived using in-
ertial reference frames moving at constant velocity in an
infinite vacuum spacetime. We can, in principle, start
with Einstein’s theory of relativity in an infinite vacuum
spacetime, add microscopic material particles, describe
the interaction of each particle of the material with every
other particle, and describe how the interaction of every
particle with the microscopic field affects every other par-
ticle and affects the propagation of a light signal. If we
were even capable of such a monumental task, we would
then justify some assumptions about limiting behavior
and make some approximations and averages that would
allow an effective macroscopic description of the full mi-
croscopic treatment. Typically, the process will invoke
the continuum limit by evaluating discrete sums by inte-
grals and extending the region of integration to spatial
infinity [39]. Although such a procedure can by justified
as being “fundamental”, there is no guarantee that all
the assumptions and limits will be mutually consistent
or that a self-consistent theory will be the result.
Here, we derive a theory of dielectric special relativ-
ity based on the propagation of a light signal in an in-
finite, isotropic, homogeneous, flat, non-Minkowski, con-
tinuous material spacetime in which the speed of light
is inversely proportional to a macroscopic material con-
stant n and make a very reasonable assumption that the
theory holds for the interior portion of a very large finite
material volume that is a model for a simple linear di-
electric. The result confirms Rosen’s [32–34] phenomeno-
logical refractive index-dependent Lorentz factor. This
result is consistent with the symmetry of the new equa-
tions of motion that are derived from Lagrangian field
theory for macroscopic fields in a dielectric-filled space-
time. Reference [37] shows how the macroscopic Rosen
[32–34] theory of dielectric special relativity is related to
the Laue [35] theory of special relativity in a dielectric,
the difference being whether the observer is located in
the dielectric (Rosen theory), as is the case here, or in a
vacuum-based Laboratory Frame of Reference (Laue the-
ory) where measurements were performed in the Fizeau
6[40] water tube experiment.
The mutually consistent alternative formulations of
connected physical principles, relativity, conservation,
electrodynamics, and field theory, in a dielectric medium
that is represented by a continuous, linear dielectric-
filled, flat, non-Minkowski material spacetime allows a
self-consistent, fully macroscopic, fully electromagnetic
resolution of the Abraham–Minkowski controversy and
the Rosen–Laue dielectric relativity dilemma.
II. MAXWELLIAN CONTINUUM
ELECTRODYNAMICS
The axioms of the formal theory of continuum electro-
dynamics are the macroscopic Maxwell–Minkowski equa-
tions
∇×H− 1
c
∂D
∂t
= 0 (2.1a)
∇ ·B = 0 (2.1b)
∇×E + 1
c
∂B
∂t
= 0 (2.1c)
∇ ·D = 0 (2.1d)
and the constitutive relations
D = ε(r)E (2.2a)
B = µ(r)H (2.2b)
for an absorptionless linear medium with no free charges
or free currents. The macroscopic fields {E, B, D, H}
are functions of space (r) and time (t).
The exact microscopic or mesoscopic mechanisms that
create the macroscopic polarization and macroscopic
magnetization are fundamentally outside the scope of
continuum electrodynamics: By definition, the micro-
scopic constituents are treated as having been averaged
in a continuum limit and are represented by continuum
abstractions for the permittivity ε and the permeability
µ.
For clarity and concision, we require that the center
frequency of the exciting quasimonochromatic field is suf-
ficiently far from material resonances that the frequency-
dependent refractive index is limited to a small frequency
range in a relatively flat portion of the frequency dis-
persion curve. Although the refractive index can be a
complicated function of frequency, we can, as a first ap-
proximation, treat frequency dispersion parametrically
by using the refractive index at the center frequency of a
quasimonochromatic field and treat higher orders of fre-
quency dispersion as negligible. In our theoretical model,
it is sufficient to treat dispersion in lowest order. Some
authors argue for the retention of higher-order terms, os-
tensively to satisfy the Kramers–Kroenig relations, but
the real necessity is for additional parameters that can be
adjusted in order to fix violation of physical laws within
their theoretical model.
We define a simple linear dielectric as an idealized
model of a linear dielectric that can be treated as having
a real, time-independent permittivity in the parameter
(frequency) region of interest as described in Sec. 1A.
We limit our attention to simple linear dielectric media
and take
ε(r) = (n(r))2 (2.3a)
µ(r) = 1, (2.3b)
where n(r) is a real, time-independent, single-valued
function of position, as the final two axioms of our the-
ory. At this point, the spatial dependence of n(r) is
as arbitrary as is allowed by the macroscopic Maxwell–
Minkowski theory, Eqs. (2.1)–(2.3). In later sections of
this article, we will limit consideration to an arbitrar-
ily large, isotropic, homogeneous block of simple linear
dielectric in which n can be represented by a spatially
independent constant.
For a simple linear dielectric, we can write the macro-
scopic Maxwell equations as
∇×B− 1
c
∂(n2E)
∂t
= 0 (2.4a)
∇ ·B = 0 (2.4b)
∇×E + 1
c
∂B
∂t
= 0 (2.4c)
∇ · (n2E) = 0 (2.4d)
by the direct substitution of Eqs. (2.2) and (2.3) into the
macroscopic Maxwell–Minkowski equations, Eqs. (2.1).
Equations (2.4) are valid theorems of the formal the-
ory of Maxwellian continuum electrodynamics. Specif-
ically, there should be no question about the validity of
Eqs. (2.4).
We can re-parameterize the dielectric Maxwell–
Minkowski equations, Eqs. (2.4), using a constitutive re-
lation
Π = −n(r)E (2.5)
similar to Eqs. (2.2). The macroscopic field Π(r, t) is a
function of space r and time t. Then the macroscopic
field equations,
∇×B + n
c
∂Π
∂t
= 0 (2.6a)
7∇ ·B = 0 (2.6b)
∇×Π− n
c
∂B
∂t
=
∇n
n
×Π (2.6c)
∇ ·Π = −∇n
n
·Π , (2.6d)
are obtained by substituting Eq. (2.5) into Eqs. (2.4).
There should be absolutely no question about the valid-
ity of Eqs. (2.6) that are proven theorems of the formal
theory of Maxwellian continuum electrodynamics.
Except, Eqs. (2.6) present us with an apparent
paradox: i) Based on the appearance of Eqs. (2.6),
many reviewers for major scientific journals have com-
mented that Eqs. (2.6) obviously violate special relativ-
ity, Fresnel boundary conditions, holonomy, and other
long established and experimentally validated principles
of physics. ii) This opinion is contradicted by many
other reviewers who notice that Eqs. (2.6) are identities of
the macroscopic Maxwell field equations for a dielectric,
Eqs. (2.4), and are unquestionably correct. iii) Some ref-
erees, recognizing the existence of a paradox where there
should not be one, rationalize implicit axioms and mani-
fest errors in the derivation of Eqs. (2.6) from Eqs. (2.4)
and from Eqs. (2.1), despite clear evidence to the con-
trary.
The derivation of Eqs. (2.6) from Eqs. (2.1) is detailed,
rigorous, and easily verified. Absent an identified and
consequential blunder in elementary algebra and calcu-
lus, Eqs. (2.6) are correct. No such error has ever been
identified and Eqs. (2.6) must be regarded as manifestly
correct identities of the Maxwell–Minkowski equations,
Eqs. (2.4), in a dielectric. That being said, the appear-
ance of Eqs. (2.6) makes them susceptible to claims that
they are obviously invalid because: 1) they violate Ein-
stein’s theory of special relativity, 2) they are not co-
variant, 3) they violate conditions of holonomy, 4) they
violate conditions of Minkowski spacetime, 5) they vio-
late conservation laws, 6) they are inconsistent with the
derivation of the Fresnel relations, or 7) they are valid
only in some pathological limit (e.g. a spatially infinite
medium).
If, for any reason, the set of Eqs. (2.6), which is an
easily verified theorem of Maxwellian continuum electro-
dynamics, is proven false by violation of a fundamen-
tal law or principle of physics then one must either:
i) conclusively prove that there is a consequential er-
ror in the derivation of Eqs. (2.6) from Eqs. (2.4), con-
trary to the clear evidence, or ii) accept the fact that
Eqs. (2.6) are correctly derived and recognize that the
dielectric Maxwell–Minkowski equations, Eqs. (2.4), are
proven false by the same fundamental law of physics, or
iii) prove that the fundamental laws of physics, which
are intrinsic to the vacuum of free space, are misapplied
for propagation of light in a simple linear dielectric, or
iv) more than one of the listed items. That is the way
that a formal theory works.
We will prove, in Sec. 3, that Eqs. (2.6) violate space-
time conservation laws [1, 2, 9] in addition to violat-
ing Einstein–Laue dielectric special relativity [35, 36].
As an identity of Eqs. (2.6), the dielectric Maxwell–
Minkowski equations, Eqs. (2.4), must also violate space-
time conservation laws and special relativity. However,
it is not the fundamental physical principles of electro-
dynamics, conservation, and relativity, that are at issue,
only the way in which the fundamental physical princi-
ples, which are intrinsic to the vacuum, have previously
been implemented in a dielectric medium. At a minimum,
Eqs. (2.4), Eqs. (2.6), time independence of the total en-
ergy and the total momentum (Sec. 3B, part 2), vanish-
ing of the four-divergence of the total energy–momentum
tensor (Sec. 3B, part 1), and special relativity in a dielec-
tric (Sec. 3E and Ref. [37]) must be mutually consistent,
and they most certainly are not. Even the introduction,
by hand, of a material subsystem with adjustable prop-
erties does not resolve the mutual inconsistency problem.
The fact that historic standard applications of funda-
mental physical principles to the propagation of light in
a dielectric are mutually inconsistent is the principle re-
sult of this article and it is proven in Sec. 3. Following
Sec. 3, the remainder of the article is dedicated to the
construction of a mutually consistent reformulation of
Lagrangian field theory, electromagnetic field equations,
conservation laws, special relativity, spacetime, and in-
terpretation of experiments in a region of space in which
the speed of light is c/n and not c. Specifically, any is-
sue that a reader, or journal referee, may have with any
material in Secs. 4–8 does not disprove, in any way, the
fact that an easily verified identity of the macroscopic
Maxwell equations violates special relativity, spacetime
conservation laws, derivation of Fresnel boundary condi-
tions, and other established physical principles in a sim-
ple linear dielectric medium.
III. THE ABRAHAM–MINKOWSKI
CONTROVERSY
The Abraham–Minkowski controversy involves a long-
standing problem of a non-unique momentum and a
non-unique energy–momentum tensor for electromag-
netic fields in a dielectric. It has been the practice for
the theoretically indeterminate momentum properties of
the electromagnetic field to motivate the assumption of
a material momentum in the microscopic substructure of
the dielectric in order to preserve compliance with the
requirement for the total momentum to be constant in
time in a closed system [6–10], even though the assump-
tion of a microscopic material subsystem is adverse to
the continuum limit that is the foundational principle of
continuum electrodynamics.
We would recall that the ether came about because
of the physical necessity for a medium in which electro-
magnetic waves would propagate. Moreover, the null re-
sult of the Michelson–Morely experiment [38] was origi-
8nally interpreted as proof of ether drag. When Einstein
showed that the physically motivated assumption of the
ether was unnecessary, the Michelson–Morely [38] exper-
iment was re-interpreted as proof of Einstein’s theory in
which the ether does not exist. The point of this diver-
sion is that arguments that necessitate the existence of
some material microstructure or material subsystem in
Maxwellian continuum electrodynamics in order to pu-
tatively satisfy conservation of total momentum are per-
suasive, but are rendered moot by the purely electromag-
netic theory of continuum electrodynamics that underlies
our self-consistent resolution of the Abraham–Minkowski
controversy in a continuous dielectric medium.
A. Formal theory of energy and momentum
We continue with the formal theory of Maxwellian con-
tinuum electrodynamics and systematically and rigor-
ously derive a matrix differential equation from the field
equations, Eqs. (2.6). We subtract the scalar product of
Eq. (2.6c) with B from the scalar product of Eq. (2.6a)
with Π and apply common vector identities to produce
a valid theorem
n
c
(
Π · ∂Π
∂t
+ B · ∂B
∂t
)
+∇ · (B×Π) = ∇n
n
· (B×Π)
(3.1)
of Maxwellian continuum electrodynamics for our simple
dielectric medium. We then form another valid theorem
n
c
∂
∂t
(B×Π) + Π× (∇×Π) + B× (∇×B) =
Π×
(∇n
n
×Π
)
(3.2)
from the sum of cross products of Eqs. (2.6a) and (2.6c)
with macroscopic fields.
We can write the theorem, Eq. (3.2), in the form of a
continuity equation using a generalization of a procedure
in Sec. 6.8 of Jackson, Ref. [41]. We multiply Thompson’s
law, Eq. (2.6b), by −B, multiply the variant Gauss law,
Eq. (2.6d), by Π, and add the results to Eq. (3.2) such
that
n
c
∂
∂t
(B×Π) + Π× (∇×Π) + B× (∇×B)+
Π(∇ ·Π)−B(∇ ·B) =
Π×
(∇n
n
×Π
)
−
(∇n
n
·Π
)
Π . (3.3)
In what follows, the index convention for Greek letters
is that they belong to {0, 1, 2, 3} and lower case Roman
indices from the middle of the alphabet are in {1, 2, 3}.
Coordinates (x1, x2, x3) correspond to Cartesian coordi-
nates (x, y, z), as usual. Substituting the cross product
of Eq. (2.6a) with B and Eq. (2.6c) crossed with Π into
Eq. (3.3), we obtain a vector differential equation
n
c
∂
∂t
(B×Π)i +
∑
j
∂
∂xj
WTij =
(
Π×
(∇n
n
×Π
))
i
−
(∇n
n
·Π
)
Πi (3.4)
in component form. Here, WT is a diagonally symmetric
matrix with components
WT ij = −ΠiΠj −BiBj +
1
2
(Π ·Π + B ·B)δij . (3.5)
Equation (3.4) is another proven and valid theorem of
Maxwellian continuum electrodynamics.
As a matter of linear algebra, we can row-wise write
the scalar differential equation, Eq. (3.1), and the three
scalar differential equations that comprise the vector dif-
ferential equation, Eq. (3.4), as a single matrix differen-
tial equation
∂¯βT
αβ
T = f
α
T , (3.6)
where the material four-divergence operator [18, 21, 22,
32]
∂¯β =
(
n
c
∂
∂t
,
∂
∂x
,
∂
∂y
,
∂
∂z
)
(3.7)
is defined by context and is distinct from the usual four-
divergence operator
∂β =
(
1
c
∂
∂t
,
∂
∂x
,
∂
∂y
,
∂
∂z
)
. (3.8)
Also,
fαT =
(∇n
n
· (B×Π),Π×
(∇n
n
×Π
)
−
(∇n
n
·Π
)
Π
)
(3.9)
is a four-force density and
TαβT =

1
2 (Π
2 + B2) (B×Π)1 (B×Π)2 (B×Π)3
(B×Π)1 WT 11 WT 12 WT 13
(B×Π)2 WT 21 WT 22 WT 23
(B×Π)3 WT 31 WT 32 WT 33

(3.10)
is a traceless diagonally symmetric matrix.
The derivation of Eq. (3.6) from Eqs. (2.4) is a straight-
forward application of algebra, vector calculus, and linear
algebra. Absent an identified and consequential blun-
der in the derivation, the matrix differential equation,
Eq. (3.6), must be treated as a proven and valid theorem
of the formal theory of Maxwellian continuum electrody-
namics in which Eqs. (3.7), (3.9), and (3.10) are useful
9combinations of operators and variables that are used for
notational convenience. Then, if Eq. (3.6) is proven to
be false, by any means, then the axioms of the theory,
Eqs. (2.4), are also proven false. Again, that is the way
that a formal theory works.
The matrix differential equation, Eq. (3.6), is a very
significant result of this article and it needs to be con-
sidered in the context of the prior work. A number
of other formulations for the electrodynamics of macro-
scopic fields, energy, and momentum in a dielectric ap-
pear in the scientific literature [6–13, 15–21, 23, 42, 43] in-
cluding versions named for Ampe`re, Chu, and Einstein–
Laub. For the sake of brevity, we derive only the more
common Minkowski and Abraham formulations of the
energy–momentum continuity equations.
We start with the derivation of the Minkowski energy–
momentum continuity equation. Taking the scalar prod-
uct of Eqs. (2.4a) and (2.4c) with macroscopic fields and
subtracting the results, we obtain
1
c
(
n2E · ∂E
∂t
+ B · ∂B
∂t
)
+∇ · (E×B) = 0 . (3.11)
We denote the macroscopic electromagnetic energy den-
sity ρe = (1/2)
(
n2E2 + B2
)
and the Poynting energy
flux vector S = cE×B, to obtain Poynting’s theorem
∂ρe
∂t
+∇ · S = 0 . (3.12)
Poynting’s theorem, Eq. (3.12), is a valid theorem of
the formal theory of Maxwellian continuum electrody-
namics, as is Eq. (3.1). That being said, journal ref-
erees have claimed that Eq. (3.1) is wrong on physical
grounds and have suggested the existence of an unspec-
ified derivational error. However, multiplying Eq. (3.11)
by n and substituting Π for −nE into the result produces
Eq. (3.1)=Eq. (3.11)=Eq. (3.12), as required.
We can form another valid theorem
1
c
∂
∂t
(n2E×B) + E× (∇× n2E) + B× (∇×B)+
(∇·(n2E))E+(∇·B)B = E×
(∇(n2)
n2
× (n2E)
)
(3.13)
from the sum of products of Eqs. (2.4) with macroscopic
fields. Then adapting the procedure in Sec. 6.8 of Jack-
son, Ref. [41], we obtain
1
c
∂
∂t
(n2E×B)i −
∑
j
∂
∂xj
(
BiBj +
1
2
(B ·B)δij
)
− 1
n2
∑
j
∂
∂xj
(
n2EiEj +
n2
2
(E ·E)δij
)
=
(
E× (∇(n2)×E))
i
(3.14)
for a simple linear dielectric. Defining,
WMij = −n2EiEj−BiBj+
1
2
(n2E ·E+B ·B)δij (3.15)
allows construction of another valid theorem of
Maxwellian continuum electrodynamics [41]
1
c
∂
∂t
(n2E×B)i +
∑
j
∂
∂xj
WMij =
(
E× (∇(n2)×E))
i
+
∑
j
∂(n2)
∂xj
(
EiDj +
1
2
(E ·D)δij
)
.
(3.16)
The Minkowski force density
fMi =
(
E× (∇(n2)×E))
i
+
∑
j
∂(n2)
∂xj
(
EiDj +
1
2
(E ·D)δij
)
(3.17)
is derived directly from the Maxwell–Minkowski equa-
tions for a dielectric and is different from −E2∇ε/2 that
is derived from the dipole force [20] and inserted, by
hand, into the dynamical equation.
As a matter of linear algebra, we can write, row-wise,
Eq. (3.11) and the three scalar differential equations that
comprise the vector differential equation, Eq. (3.16), as
a single matrix differential equation
∂βT
αβ
M = f
α
M , (3.18)
where ∂β is the usual four-divergence operator defined by
Eq. (3.8),
fαM = (0, fm) =
(
0,E× (∇(n2)×E)+
∑
j
∇(n2)
(
EiDj +
1
2
(E ·D)δij
)
(3.19)
is the Minkowski four-force density, and
TαβM =

1
2 (n
2E2 + B2) (E×B)1 (E×B)2 (E×B)3
(n2E×B)1 WM 11 WM 12 WM 13
(n2E×B)2 WM 21 WM 22 WM 23
(n2E×B)3 WM 31 WM 32 WM 33

(3.20)
is, by construction, the usual non-symmetric four-by-
four matrix. The Minkowski matrix differential equa-
tion, Eq. (3.18), is a valid theorem of the formal theory
of Maxwellian continuum electrodynamics. For historical
reasons, the four-by-four matrix, Eq. (3.20), is known as
the Minkowski energy–momentum tensor.
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In many cases, e.g., an isotropic homogeneous sim-
ple linear dielectric draped with a gradient-index an-
tireflection coating, the Minkowski four-force density,
Eq. (3.19), can be neglected. In that limit, Eq. (3.18)
becomes a spacetime conservation law,
∂βT
αβ
M = 0 , (3.21)
for the total energy and the total momentum, see
Eq. (3.36). Contrariwise, the foundational issue of the
Abraham–Minkowski controversy insists that Eq. (3.21)
is not a conservation law because the Minkowski linear
momentum
GM =
1
c
∫
σ
(
T10M ,T
20
M ,T
30
M
)
φdz =
∫
σ
n2E×B
c
dv
(3.22)
and the angular momentum are not constant in time as
the field propagates from the vacuum into and through
the gradient-index antireflection-coated dielectric block.
(φ is the cross-sectional area such that φdz = dv) This
will be discussed in more detail in Sec. 3C.
Next, we use the formal theory of Maxwellian con-
tinuum electrodynamics to derive the phenomenological
Abraham energy–momentum theory [4] that was contem-
poraneous with the Minkowski theory [3]. We subtract a
force density-like term
fD =
∂
∂t
(n2 − 1)(E×B)
c
(3.23)
from both sides of Eq. (3.13). We combine that result,
component-wise, with Eq. (3.11) to obtain a new matrix
differential equation
∂βT
αβ
A = f
α
A (3.24)
that is also a valid theorem of the formal theory of
Maxwellian continuum electrodynamics, where
TαβA =

1
2 (n
2E2 + B2) (E×B)1 (E×B)2 (E×B)3
(E×B)1 WM 11 WM 12 WM 13
(E×B)2 WM 21 WM 22 WM 23
(E×B)3 WM 31 WM 32 WM 33

(3.25)
is a diagonally symmetric four-by-four matrix and
fαA =
(
0, fαM −
∂
∂t
(n2 − 1)E×B
c
)
(3.26)
is the Abraham four-force density.
It is often claimed in the scientific literature that the
Abraham four-force density, Eq. (3.26), is negligible or
“almost” negligible because the time average of fD, de-
fined in Eq. (3.23), is essentially zero due to the oscillat-
ing field [24, 30, 44–46]. See also page 205 of Ref. [23].
However, the force-like-term, Eq. (3.23), cannot be neg-
ligible because that would mean that the first term in
Eqs. (3.13) and (3.14) are also negligible — thereby lim-
iting the theory to non-propagating stationary fields.
Moreover, if the Abraham four-force, Eq. (3.26), is neg-
ligible, then
∂βT
αβ
A = 0 (3.27)
appears to be one of the spacetime conservation laws, c.f.
Eq. (3.36), although it is not a conservation law because
the Abraham momentum
GA =
1
c
∫
σ
(
T10A ,T
20
A ,T
30
A
)
φdz =
∫
σ
E×B
c
dv (3.28)
is not constant in time as the field propagates from the
vacuum into the dielectric. The matrix, Eq. (3.25), is
commonly known as the Abraham energy–momentum
tensor.
B. Conservation of energy and momentum
The fundamental physical principles of conservation
of mass, conservation of linear momentum, conservation
of angular momentum, and conservation of total (ki-
netic+potential) energy were well-established long before
Maxwell. In continuum dynamics (fluid dynamics, for ex-
ample) a continuity equation reflects the conservation of
a scalar property in the continuum limit of an unimpeded
(no external forces, pressures, or constraints), inviscid,
incoherent flow of non-interacting particles (dust, fluid,
etc.) in terms of the equality of the net rate of flux out of
the otherwise empty volume and the time rate of change
of the property density field [1]. For a conserved scalar
property, the continuity equation of the generic property
density ρ
∂ρ
∂t
+∇ · (ρu) = 0 (3.29)
is derived by applying the divergence theorem to a Taylor
series expansion of the property density field ρ and the
scalar components of the property flux density field g =
ρu to unimpeded non-relativistic flow of non-interacting
mass-bearing particles in an otherwise empty volume
[1, 21]. For unimpeded flow of mass-bearing particles in
a thermodynamically closed system, we have a conserved
scalar property, the total mass
∫
σ
ρm dv, and a conserved
vector property, the total momentum
∫
σ
ρmu dv, belong-
ing to the same closed system. The fundamental physi-
cal principles of conservation of mass and momentum in
a flow can be written in tensor form. With the advent
of relativity, conservation of mass became conservation
of relativistic mass-energy E = (p · pc2 + m2c4)1/2 and
these fundamental physical principles are known as the
spacetime conservation laws. Clearly, the theory of par-
ticle dynamics for a unimpeded, inviscid, incoherent flow
of non-interacting particles in the continuum limit in an
otherwise empty volume applies to photons in the limit
of a continuous light field propagating in the vacuum and
has done so for some time [2].
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The energy and momentum conservation properties of
a continuous light field propagating in the vacuum were
long-ago cast in the energy–momentum tensor formalism
of classical continuum dynamics in which the continuous
light field plays the role of the continuous fluid. For light
propagating in the vacuum in the plane-wave limit, ρe
represents the electromagnetic energy density and ρeu is
the Umov energy flux vector. If we agree to identify the
Umov energy flux vector with the Poynting energy flux
vector Sv = ce×b, then Eq. (3.29) is Poynting’s theorem
and the momentum density of the electromagnetic field
in the vacuum is gv = Sv/c
2 = e × b/c. The Maxwell
equations for microscopic fields e and b in the vacuum
∇× b− 1
c
∂e
∂t
= 0 (3.30a)
∇ · b = 0 (3.30b)
∇× e + 1
c
∂b
∂t
= 0 (3.30c)
∇ · e = 0 (3.30d)
can be systematically combined to form [41]
1
c
(
e · ∂e
∂t
+ b · ∂b
∂t
)
+∇ · (e× b) = 0 (3.31)
and
1
c
∂
∂t
(e× b)i +
∑
j
∂
∂xj
Wvij = 0 , (3.32)
where
Wvij = −eiej − bibj +
1
2
(e · e + b · b)δij . (3.33)
These energy and momentum time-evolution equations
can be combined, row-wise, to form a matrix differential
equation
∂βT
αβ
v = 0 , (3.34)
where
Tαβv =

1
2 (e
2 + b2) (e× b)1 (e× b)2 (e× b)3
(e× b)1 Wv11 Wv12 Wv13
(e× b)2 Wv21 Wv22 Wv23
(e× b)3 Wv31 Wv32 Wv33
 .
(3.35)
Because the matrix differential equation, Eq. (3.34), com-
plies with the spacetime conservation laws that are de-
scribed below, the energy evolution equation, Eq. (3.31),
and the momentum evolution equation, Eq. (3.32),
are known as the electromagnetic energy and momen-
tum conservation laws in the vacuum. The matrix,
Eqs. (3.35), is the total energy–momentum tensor for the
isolated system in the vacuum.
We now turn our attention to the issue of conserva-
tion of energy and momentum in a dielectric medium.
If we systematically combine the macroscopic dielectric
Maxwell equations, Eqs. (2.4), in the same manner as we
did for the microscopic Maxwell equations, Eqs. (3.30),
we again get time-evolution equations, Eqs. (3.11) and
(3.14), for energy-like density and momentum-like den-
sity quantities. In Sec. 3C, we prove the known, but of-
ten confused/disputed, fact that the linear momentum-
like quantity, the Minkowski momentum, Eq. (3.22), is
neither constant nor “almost” constant in time as a fi-
nite pulse enters a dielectric from the vacuum through a
gradient-index antireflection coating. Because Eq. (3.18)
appears to be ‘almost’ a conservation law, c.f., Eq. (3.36),
it is common to see a statement that the Minkowski
momentum is almost conserved [9, 13]. However, the
Minkowski momentum is nominally a factor of n greater
than the incident linear momentum, see Secs. 1A and 3C.
Therefore, despite outward appearances, the momentum
time-evolution equation, Eq. (3.16), that is systemati-
cally derived from the macroscopic Maxwell–Minkowski
equations is emphatically not a conservation law nor
is it “nearly” a conservation law. The Minkowski time-
evolution equations, Eqs. (3.11) and (3.16), can be com-
bined, as before, to derive a matrix differential equa-
tion, Eq. (3.18). Because the matrix differential equation,
Eq. (3.18), does not comply with the spacetime conserva-
tion laws that are described below, the matrix, Eq. (3.20),
is not the total energy–momentum tensor of the isolated
system nor is it “almost” the total energy–momentum
tensor.
At this point, we review the spacetime conservation
laws with some quick observations about how they apply
to electrodynamics. As a matter of linear algebra, we
can construct a total energy–momentum tensor Tαβ from
total energy and the continuity equations of the compo-
nents of the total momentum in the form of Eq. (3.29).
The total energy–momentum tensor has the following
characteristics that cause the conservation laws to be
obeyed in an unimpeded, inviscid, incoherent flow of non-
interacting particles in the continuum limit [1, 2, 21]:
1) The continuity equations of the total energy and
total momentum are generated by the four-divergence of
the total energy–momentum tensor [1, 21],
∂βT
αβ = 0 . (3.36)
Continuity equations are sometimes known as the conser-
vation laws, but there are additional conditions on con-
served properties in a continuous flow. Wang [47] calls
Eq. (3.36) the Landau–Lifshitz version of Laue’s theorem
and proves that it is incorrect. However, the conditions
and limits that Wang employs in his derivation restrict
his result to charged particles in a static field. Wang’s
[47] argument does not apply in the current context of
a monochromatic/quasimonochromatic field propagating
in a simple linear dielectric medium
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2) The integrals over all-space σ of the total energy
density T00 and the total linear momentum density Ti0/c
are constant in time [1, 9, 41]. Then
Pα(t) =
∫
σ
Tα0dv = Pα(t0) (3.37)
is constant in time. If Pα is not constant in time for each
α, then Tαβ is not the total energy–momentum tensor of
a thermodynamically closed system. Time independence
of the total energy and total linear momentum are some-
times known as the conservation laws, but there are addi-
tional conditions on conserved properties in a continuous
flow.
3) The trace of the total energy–momentum tensor is
proportional to the mass density ρm:
trace
{
Tαβ
} ∝ ρm . (3.38)
For light, the trace of the total energy–momentum tensor
is zero corresponding to the continuum limit of a flow of
massless non-interacting photons [2].
4) A symmetric total energy–momentum tensor is not
necessary for conservation of total angular momentum
[2, 13]. It is possible to considerably obfuscate this issue
by assuming microstructure [13] or some other material
conditions of an open system. In the basic model of a
continuous medium, an isotropic homogeneous material
is continuous at all length scales. We adopt this basic
model and use a field with a traceless diagonally symet-
ric energy–momentum tensor in the vacuum that is nor-
mally incident on an isotropic homogeneous simple linear
dielectric material through a gradient-index antireflection
coating. In this closed system,
Tαβ = Tβα (3.39)
is a necessary condition for conservation of total angular
momentum [2, 41]. However, not every symmetric tensor,
e.g. the Abraham tensor, is the total energy–momentum
tensor because there are additional conditions on con-
served properties in a continuous flow.
5) The condition
∂αT
αβ = 0 (3.40)
is often seen in the electrodynamics literature [2, 9] in
place of Eq. (3.36). In continuum dynamics, this condi-
tion can be derived from Eq. (3.36) using the symmetry
condition, Eq. (3.39). Unfortunately, Eq. (3.40) is often
postulated in the place of Eqs. (3.36) and (3.39) as a phe-
nomenological accommodation of the absence of symme-
try in the Minkowski energy–momentum tensor [2, 41].
Because the (total) energy–momentum tensor of our in-
cident field in the vacuum is diagonally symmetric (as in
Eq. (3.39)), the second continuity condition, Eq. (3.40),
is generally valid for the total energy–momentum tensor,
as is Eq. (3.36) as a matter of equality of incident and
refracted total energy, total linear momentum, and to-
tal angular momentum for propagation into and through
an anti-reflection coated dielectric medium. Again, ar-
guments that the energy–momentum tensor is not sym-
metric are based on some heuristic ‘splitting’ of the total
energy–momentum tensor.
As a matter of linear algebra, we can construct a ma-
trix differential equation in the form of Eq. (3.36) from
any four continuity equations in the form of Eq. (3.29).
Each continuity equation corresponds to a row of the
matrix differential equation. We could, in principle, con-
struct a matrix differential equation from four continu-
ity equations of different physical systems or subsystems.
This is prevented here by the conditions on the trace,
Eq. (3.38), and symmetry, Eq. (3.39), that couple the
rows of Tαβ . The continuity equations that correspond
to the rows of Tαβ are likewise coupled by these condi-
tions. If all these requirements are met then Tαβ is the
total energy–momentum tensor of an isolated, thermo-
dynamically closed system.
C. Comparison of electrodynamic
energy–momentum theorems with spacetime
conservation laws
In this section, we compare the equations related to the
flow of energy and momentum in a simple linear dielectric
that were systematically derived from the macroscopic
Maxwell equations in Sec. 3A to the spacetime conser-
vation relations that are presented in Sec. 3B. For con-
creteness, the comparison is described in the context of
propagation of a quasimonochromatic field normally inci-
dent on a block of an isotropic homogeneous simple linear
dielectric through a gradient-index anti-reflection coating
from the vacuum. In order to be concise and avoid an un-
necessarily complicated presentation, we adopt the plane
wave-limit in which the amplitude of the field is constant
over an arbitrarily large cross-sectional area and then de-
creases at least quadratically in the transverse spatial
distance. The plane-wave limit is a useful concept that
allows us to treat the dynamics by a one-dimensional
model as long as the well-known characteristics are ap-
plied consistent with the well-known limits, see, for in-
stance, Sec. 7.1 of Ref. [41] or Chap. 16 of Ref. [48]. It
should be noted that the plane-wave limit is distinct from
the assumption of infinite plane waves that have infinite
energy.
The material is modeled as an arbitrarily large
isotropic homogeneous block of simple linear dielectric
that is draped with a gradient-index antireflection coat-
ing. In the limit that the gradients of the refractive index
can be neglected, Eq. (3.18) becomes
∂βT
αβ
M = 0 (3.41)
in agreement with the conservation condition, Eq. (3.36).
It is frequently claimed in the scientific literature that the
Minkowski linear momentum is nearly conserved [9], in
general, and the transient nature of the Minkowski four-
force density, Eq. (3.19), supports that assertion. At this
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FIG. 1: Representation of the field in the vacuum, in terms
of the envelope of the vector potential, at some initial time
t = t0 before entering the dielectric. The field, on the left, is
traveling to the right. The dielectric, draped with a gradient-
index anti-reflection coating, is represented by the outline of
the refractive index on the right.
point, we would like to make it emphatically clear, again,
that this assertion is false. The amplitude of the electric
field E in the dielectric is a factor of
√
n smaller than
the amplitude of the field that is incident from the vac-
uum. Meanwhile, the amplitude of the magnetic field B
is increased by a factor of
√
n from the incident field.
Therefore, E × B has a constant amplitude across the
entry face of the dielectric. Then, E × B is multiplied
by n2/c to get the Minkowski momentum density. The
pulse is narrower in the dielectric than in the vacuum
by a factor of n due to the reduced velocity of light in
the dielectric. Then integrating the Minkowski momen-
tum density when the pulse is fully inside the dielectric,
one finds that the Minkowski momentum is a factor of n
greater than the linear momentum of the incident pulse
strongly violating the spacetime conservation condition,
Eq. (3.37), that the total linear momentum in a closed
system is constant in time.
Fig. 1 is a graphical representation of a quasimonochro-
matic field in the vacuum traveling to the right at some
time t0 before entering a dielectric medium. The repre-
sentation is in terms of the envelope of the vector poten-
tial, |A(t0, z)|. Figure 2 is an illustration of the same field
at some time t1 after it has entered a linear isotropic ho-
mogenous dielectric through a gradient-index antireflec-
tion coating. According to the Maxwellian continuum
electrodynamic theory, the nominal width of the pulse in
the dielectric is the width of the incident pulse reduced by
a factor of n due to the reduced speed of light in a dielec-
tric. Concurrently, conservation of energy dictates the
amplitude of the vector potential in the dielectric to be
the amplitude of the incident vector potential divided by√
n. A finite-difference time-domain solution of the wave
equation in retarded time [49] allows us to present the
graphical depiction of the theoretical facts that is shown
in Figs. 1 and 2. Both theoretically and numerically, we
find that∫
σ
|A(t0, z)|2φdz =
∫
σ
n2|A(t1, z)|2φdz , (3.42)
where φ is the cross-sectional area of the field and com-
parisons have a per unit of cross-sectional area basis.
For quasimonochromatic fields in the continuous wave
limit, we define the amplitude of the vector potential A0
by A = A0 (exp(−i((nω/c)x¯0 − (nω/c)z)) + c.c.), where
x¯0 = ct/n. The amplitudes of the fields, E0, B0, Π0, are
defined in like manner. Then, |E0| ∝ |A0|, |B0| ∝ n|A0|,
and |Π0| ∝ n|A0|. Substituting the relations between
the fields and the vector potential amplitudes [55] into
the Minkowski electromagnetic energy formula
UM =
∫
σ
T00Mφdz =
∫
σ
n2E2 + B2
2
dv (3.43)
and the Minkowski electromagnetic momentum formula
GM =
1
c
∫
σ
(
T10M ,T
20
M ,T
30
M
)
φdz =
∫
σ
n2E×B
c
dv
(3.44)
and comparing the results with Eq. (3.42), we find that
the Minkowski electromagnetic energy is constant in time
but the Minkowski electromagnetic momentum is greater
than the incident momentum by a factor of n. It could
not be otherwise because Eqs. (3.43) and (3.44) have the
same quadratic dependence of the fields but differ by a
factor of n in magnitude. Consequently, GM is very dif-
ferent from the total momentum and TαβM is not an ap-
proximation of the total energy–momentum tensor, con-
trary to comments in the scientific literature [9].
Let us now perform of a similar analysis using the ma-
trix, Eq. (3.10), from the theorem, Eq. (3.6). Both the
electromagnetic energy
UT =
∫
σ
T00T φdz =
∫
σ
Π2 + B2
2
dv (3.45)
and the electromagnetic linear momentum
GT =
1
c
∫
σ
(
T10T ,T
20
T ,T
30
T
)
φdz =
∫
σ
Π×B
c
dv (3.46)
are constant in time, satisfying Eq. (3.37) for conserva-
tion of total energy–momentum in a closed system. The
matrix TαβT , Eq. (3.10), is symmetric proving conserva-
tion of total angular momentum, Eq. (3.39), in a closed
system. Furthermore, the trace of TαβT is zero, thereby
satisfying condition Eq. (3.38) for the energy–momentum
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FIG. 2: Representation of the field, in terms of the envelope
of the vector potential, at a time t = t1 when the field is
entirely within the dielectric.
tensor of a system in which the dynamics are entirely due
to massless photons. In the ordinary course of physics,
transients are generally treated as negligible. In this
limit, Eq. (3.6) becomes
∂¯βT
αβ
T =
(
n
c
∂
∂t
,
∂
∂x
,
∂
∂y
,
∂
∂z
)
TαβT = 0 . (3.47)
The time-like coordinate of Eq. (3.47) depends on the
refractive index making Eq. (3.47) incommensurate with
the spacetime conservation condition, Eq. (3.36).
We have shown that energy–momentum relations that
are systematically derived from the field equations us-
ing Maxwellian continuum electrodynamics are inconsis-
tent with spacetime conservation laws if the transient
forces in Eqs. (3.6) and (3.18) are negligible. In order
to avoid that fate, it has been the practice to make a
physically motivated assumption that the macroscopic
Maxwell–Minkowski equations describe an open system
that is coupled to a subsystem through a non-negligible
four-force. We now examine this alternative, generally
accepted as correct, case and show that it also leads to
violation of spacetime conservation laws.
For a given electromagnetic energy–momentum four-
tensor Tαβem that is systematically derived from the macro-
scopic field equations there is an associated four-force
density fαem such that
∂βT
αβ
em = f
α
em . (3.48)
According to the current theory [5–13, 15–21, 23], the
dynamics of the sub-system are based on a material four-
tensor Tαβmatl such that
∂βT
αβ
matl = −fαem . (3.49)
We add Eqs. (3.48) and (3.49). Then the total energy–
momentum tensor
Tαβtotal = T
αβ
em + T
αβ
matl (3.50)
obeys the conservation law
∂βT
αβ
total = 0 (3.51)
in accordance with Eq. (3.36). A wide variety of physical
models have been employed in an effort to fully resolve
the problem of momentum conservation in a dielectric
[5–13, 15–21, 23]. Selected examples are discussed in the
next subsection. Typically, one assumes a microscopic
model of the material dynamics in a dielectric and ap-
plies an averaging technique to derive the macroscopic
momentum of the material. The correctness of the re-
sults is assumed to be affirmed by the fundamental na-
ture of the physical laws that are used as the basis of the
analysis. Adding the electromagnetic and material ten-
sors, one obtains the total energy–momentum tensor for
the thermodynamically closed system, Eq. (3.50). The
total linear momentum
Gtotal =
1
c
∫
σ
(
T10total,T
20
total,T
30
total
)
φdz =
∫
σ
(nE)×B
c
dv
(3.52)
and the total energy
Utotal =
∫
σ
T00totalφdz =
∫
σ
n2E2 + B2
2
dv (3.53)
are known quantities that are given by the incident lin-
ear momentum and the incident energy because they are
required to be constant in time, Eq. (3.37) in the closed
system. Using the corresponding total energy and to-
tal momentum densities to populate the total energy–
momentum tensor, we write
Tαβtotal=
1
2 (n
2E2 + B2) (nE×B)1 (nE×B)2 (nE×B)3
(nE×B)1 WM 11 WM 12 WM 13
(nE×B)2 WM 21 WM 22 WM 23
(nE×B)3 WM 31 WM 32 WM 33
 .
(3.54)
The total energy–momentum tensor, Eq. (3.54), is diag-
onally symmetric and traceless. Then, the conditions for
conservation, Eqs. (3.37) and (3.39) are satisfied. Both
the total energy, Eq. (3.53) and the total linear mo-
mentum, Eq. (3.52), are constant in time thereby sat-
isfying the condition, Eq. (3.37). Applying the energy–
momentum conservation condition, Eq. (3.51), to the to-
tal energy–momentum tensor, Eq. (3.54), we find that
the energy continuity equation
1
c
∂
∂t
1
2
(
n2E2 + B2
)
+∇ · (nE×B) = 0 (3.55)
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that is obtained for α = 0 is manifestly false because
the two non-zero terms depend on different powers of
n in addition to being incommensurate with the Poynt-
ing theorem. This result is based on the total energy–
momentum tensor, Eq. (3.54), and is therefore inde-
pendent of the particular electromagnetic representation,
Abraham, Minkowski, Chu, Einstein–Laub, etc., that is
used. Then, the macroscopic Maxwell field equations and
the spacetime conservation laws are laws of physics that
are proven to be mutually contradictory in the case of a
thermodynamically closed system consisting of an elec-
tromagnetic subsystem and a dielectric material subsys-
tem [30].
Some readers may argue that pure induction with-
out experimental support is not a method of theoreti-
cal physics. In our case, the matrix energy–momentum
evolution equations, Eqs. (3.6) and (3.18), are derived
by formal theory directly from the laws of Maxwellian
continuum electrodynamics. Then these theorems were
demonstrated to be contrary to spacetime conservation
laws. When these theorems are “fixed” by the addition
of a physically motivated, but hypothetical, material mo-
mentum tensor as shown in Eq. (3.50), the contrived to-
tal energy–momentum tensor leads to violation of other
conditions of the spacetime conservation laws as shown
by Eq. (3.55). Proof by mathematical contradiction is
far stronger than an experimental demonstration. One
might also recall that the 1887 Michelson–Morley exper-
iment [38] was initially interpreted to prove the existence
of ether drag and was later deemed to support the ab-
sence of ether in the Einstein relativity theory. Like-
wise, the experiments that were originally viewed as sup-
port for the Abraham energy–momentum theory or the
Minkowski theory, or both, will be shown in Sec. 7 to pro-
vide experimental justification for the new theory that is
derived in Sec. 4. The relationship of special relativity
to the new treatment of continuum electrodynamics will
be derived in Sec. 6.
D. Brief Survey of Prior Work
The century-long history of the Abraham–Minkowski
controversy [3–13, 15–21, 23] is a search for some prov-
able description of momentum and momentum conserva-
tion for electromagnetic fields in dielectric media. A wide
variety of physical principles have been applied to estab-
lish the priority of one type of momentum over another,
or to establish that the Abraham and Minkowski formu-
lations are equally valid. The modern resolution of the
Abraham–Minkowski momentum controversy is to adopt
a scientific conformity in which the Minkowski momen-
tum and the Abraham momentum are both correct forms
of electromagnetic momentum with the understanding
that neither is the total momentum [9, 10, 12, 16]. Either
the Minkowski momentum or the Abraham momentum
can be used as the momentum of the electromagnetic
field as long as that momentum is accompanied by the
appropriate material momentum [9]. The material mo-
mentum is specific to a particular material and we will
consider several well-known models that have appeared
in the scientific literature in order to circumscribe the
area of difficulty.
In a quasi-microscopic approach, the material momen-
tum is often modeled as the aggregated kinematic mo-
mentum of individual particles of matter in the contin-
uum limit. The total energy–momentum tensor is the
sum of the electromagnetic energy–momentum tensor
and the material energy–momentum tensor. In one ex-
ample, Pfeifer, Nieminen, Heckenberg, and Rubinsztein-
Dunlop [9], posit that the total energy–momentum ten-
sor is the sum of the macroscopic Abraham energy–
momentum tensor, Eq. (3.25), and the dust energy–
momentum tensor
Tαβmat,Abr = T
αβ
dust =
 ρ0c
2 ρ0cv1 ρ0cv2 ρ0cv3
ρ0cv1 ρ0v1v1 ρ0v1v2 ρ0v1v3
ρ0cv2 ρ0v2v1 ρ0v2v2 ρ0v2v3
ρ0cv3 ρ0v3v1 ρ0v3v2 ρ0v3v3
 .
(3.56)
Here, ρ0 is a constant mass density and v(r, t) is a veloc-
ity field. The dust tensor, Eq. (3.56), is usually applied
to a thermodynamically closed system consisting of non-
interacting, neutral, mass-bearing particles in an inviscid,
incoherent, unimpeded flow such that
∂βT
αβ
dust = 0 (3.57)
in the continuum limit. In the current context, however,
the total tensor energy–momentum continuity equation
is posited as [9]
∂βTtotal = ∂β
(
TαβA + T
αβ
dust
)
= 0 . (3.58)
Clearly, it is intended that the dust tensor is coupled to
the Abraham electromagnetic tensor through the Abra-
ham force density such that [29]
∂βT
αβ
dust = −fαA . (3.59)
Performing the substitution of the dust tensor,
Eq. (3.56), and the Abraham energy–momentum tensor,
Eq. (3.25), into Eq. (3.58) results in [9]
1
c
∂
∂t
[
ρ0c
2 +
1
2
(
n2E2 + B2
)]
+∇·(ρ0v)+∇·(E×B) = 0
(3.60)
for the α = 0 component of the total tensor energy–
momentum continuity equation, Eq. (3.58). Some re-
viewers have claimed that Eq. (3.60) is not justifiable
on physical grounds because the electromagnetic energy
density already contains matter properties through the
factor n2. Irrespective of the validity of the claim, any
real or perceived error in Eq. (3.60) does not condemn
the new work that is presented in this article because
this section is devoted to documenting the prior work.
Within the context of the prior work, Eq. (3.60) and, by
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extension, Eq. (3.74), are proven false in the next para-
graph.
Pfeifer, Nieminen, Heckenberg, and Rubinsztein-
Dunlop [9] then use conservation of momentum argu-
ments to phenomenologically relate the material momen-
tum density to the electromagnetic momentum density
with the ansatz
ρ0v = gtotal − gA = (n− 1)E×B
c
. (3.61)
Substituting Eq. (3.61) into Eq. (3.60) produces [9]
1
c
∂
∂t
[
ρ0c
2 +
1
2
(
n2E2 + B2
)]
+∇·(nE×B) = 0 . (3.62)
The total energy and total momentum are both quadratic
in the fields and must have the same dependence on the
refractive index n. We note that if the particle density
ρ0 is constant then Eq. (3.62) is false because the two
nonzero terms would depend on different powers of the re-
fractive index and because the equation would be incom-
mensurate with Poynting’s theorem. Although Pfeifer,
Nieminen, Heckenberg, and Rubinsztein-Dunlop [9] do
not propose a time-dependent model for the particle den-
sity ρ0, the two non-zero terms of the energy continuity
equation will be incommensurate unless Eq. (3.62) be-
comes
n
c
∂
∂t
[
1
2
(
n2E2 + B2
)]
+∇ · (nE×B) = 0 . (3.63)
The corresponding tensor continuity equation for the to-
tal energy and the total momentum
∂¯βT
0β
total = 0 (3.64)
is false because the presence of the material four-
divergence operator violates the conservation condition,
Eq. (3.36), for α = 0. This result shows that the total en-
ergy and the total momentum being constant in time does
not guarantee that the evolution equations for the total
energy and the total momentum satisfy the conservation
laws. This is a concrete manifestation of the analysis of
energy conservation that was presented in Subsection 3C.
In an influential 1973 article, Gordon [20] uses a micro-
scopic model of the dielectric in terms of electric dipoles.
Assuming a dilute vapor in which the dipoles do not in-
teract with each other or their host, Gordon writes the
microscopic Lorentz dipole force on a particle with linear
polarizability α as [7, 20, 42]
fatom = α
(
(e · ∇)e + de
dt
× b
)
(3.65)
in the vacuum, where e is the microscopic electric field
and b is the microscopic magnetic field. The material
momentum density is obtained by spatially averaging the
force on a single dipole and integrating with respect to
time. Then the material momentum density is
gmatl =
∫
〈N fatom〉dt , (3.66)
where N is the dipole density. The fields acting on the
dipoles inside a dielectric are not the same as the fields in
free space. For the purpose of presenting the prior work,
we accept, without proof, that the material momentum
density is [20]
gmatl = Nα
∫
E×B
c
dt+Nα
∫
1
2
∇(E2)dt . (3.67)
Gordon assumes that the total momentum density is the
sum of the Abraham momentum density and the material
momentum density. Making a transformation to retarded
time [49], Gordon [20] derives
gG =
nE×B
c
(3.68)
for the total momentum density and then assumes a
pseudo-momentum in order to force agreement with the
Minkowski form of momentum.
In the Gordon model, and similar derivative models,
the dipoles are free particles in the vacuum that are ac-
celerated by the Lorentz dipole force at the leading edge
of the field and travel at constant velocity until deceler-
ated by the Lorentz dipole force at the trailing edge of
the force. In a real dielectric, or a more complete theo-
retical model of a dielectric, the motion of the material
dipoles will be considerably impeded by collisions, lat-
tice strains, or other effects of the host material. Conse-
quently, it is assumed that a traveling deformation of the
material, rather than the unrestrained motion of dipoles,
will contribute the requisite material momentum [9, 20].
The Gordon linear momentum
GG =
∫
σ
gGdv =
∫
σ
nE×B
c
dv (3.69)
that is obtained by spatially integrating the Gordon mo-
mentum density and the Minkowski momentum that
is obtained by adding a hypothetical pseudomomen-
tum concludes the derivation. Comparing Eq. (3.69) to
Eq. (3.42), the Gordon momentum GG is also constant
in time in the case of propagation of a quasimonochro-
matic field through a gradient-index antireflection-coated
simple linear dielectric [18, 20, 21]. Then, we now have
a plausible model for the material momentum.
There are several problems with the derivation pre-
sented in Ref. [20] in addition to the assumptions that
are described above: i) In Eq. (3.65), the force density
α(e · ∇)e has been improperly retained because several
other terms of the same order have been dropped in the
dipole approximation [60]. Moreover, this small term is
divided into two large terms of nearly equal magnitude
and opposite sign and one of these terms is eliminated. ii)
Temporal independence of the total linear momentum is
only one of the four conditions of the energy–momentum
conservation laws, Eqs. (3.36)–(3.39). iii) There is a fac-
tor of 2 error in the susceptibility used by Gordon. In
the corrected version of the Gordon derivation, Milonni
and Boyd [7] prove that the sum of the electromagnetic
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and material momentums is the Minkowski momentum,
Eq. (3.22), which is not constant in time.
Barnett and Loudon [10] and Barnett [16] present
a model in which the Abraham momentum and the
Minkowski momentum are both appropriate momentums
for the field in a dielectric. Each of the classical elec-
tromagnetic momentums is accompanied by a material
momentum, different in each case, and identified with ei-
ther a canonical or kinetic phenomenology. The material
momentum densities, gmatlcanonical and g
matl
kinetic, are defined
implicitly by conservation of total momentum, such that
Gtotal = GM +
∫
σ
gmatlcanonicaldv = GA +
∫
σ
gmatlkineticdv ,
(3.70)
where Gtotal = Gincident. Although providing a descrip-
tive model for construction of the total linear momen-
tum, the total linear momentum, Gtotal, is unique in a
thermodynamically closed system because it is constant
in time and it is already a known quantity in terms of
macroscopic fields, Eq. (3.52). As in the previous exam-
ple, temporal independence of the total linear momentum
is only one of the four conditions of the spacetime con-
servation laws, Eqs. (3.36)–(3.39). If we use either of the
canonical or kinetic models of Eq. (3.70) for the total lin-
ear momentum, then the total energy–momentum tensor
will be the same as Eq. (3.54). Applying the conser-
vation condition, Eq. (3.36), the four-divergence of the
total energy–momentum tensor will produce a demon-
strably false energy continuity equation, just as before,
Eq. (3.55). Again, the two nonzero terms in Eq. (3.55)
depend on different powers of the refractive index and it
is incommensurate with the Poynting theorem.
Ramos, Rubilar, and Obukhov [13] utilize a fully
relativistic 4-dimensional tensor formalism to discuss
the energy–momentum of a system that consists of an
antireflection-coated rigid slab of dielectric with a final
constant velocity v. Their total energy–momentum ten-
sor is
T νµ = ρ0uµu
ν +
(
FµσF
σν +
1
4
δνµF
σλFσλ
)
+(n2 − 1)
(
FµσF
λνuσuλ +
1
2
δνµFσρ0F
σλuρ0uλ
− F ρ0σFρ0λuσuλuµuν
)
, (3.71)
where uµ is the four-velocity (γ, γv). Ramos, Rubilar,
and Obukhov [13] claim that the total energy–momentum
tensor, Eq. (3.71), satisfies the energy–momentum bal-
ance equation
∂νT
ν
µ − FµνJνext = 0 , (3.72)
where Jνext is a four-current density, that the energy–
momentum tensor of the complete system is conserved,
and that the system is thermodynamically closed if
Jνext = 0. Then the total four-momentum of the whole
system is conserved and
Pj =
∫
σ
T 0j dv (3.73)
is a time-independent quantity [13]. In order to test
the validity of the total energy–momentum tensor,
Eq. (3.71), we consider a quasimonochromatic field in
the plane-wave limit to be normally incident on a simple
linear dielectric through a gradient-index antireflection
coating. Evaluating the ν = 0 element of Eq. (3.72), we
obtain
∂
∂(ct)
[
ρ0c
2 +
1
2
(n2E2 + B2)
]
+∇·(ρ0v)+∇·(E×B) = 0
(3.74)
by substitution from the total energy–momentum tensor,
Eq. (3.71), using quantities from the usual field tensor
Fαβ =
 0 −Ex −Ey −EzEx 0 −Bz ByEy Bz 0 −Bx
Ez −By BX 0
 . (3.75)
Now, Eq. (3.74) is the same as Eq. (3.60) that was de-
rived previously using the model of Pfeifer, Nieminen,
Heckenberg, and Rubinsztein-Dunlop [9]. Substituting
Eq. (3.61) into Eq. (3.74) and taking ρ0 as constant in
time [13], we write
1
c
∂
∂t
[
1
2
(
n2E2 + B2
)]
+∇ · (nE×B) = 0 . (3.76)
As before, Eq. (3.76) i) is incommensurate with the
Poynting theorem and ii) is self-inconsistent because the
two non-zero terms depend on different powers of the re-
fractive index thereby disproving the energy–momentum
balance equation, Eq. (3.72), with Jνext = 0.
A fully microscopic model of the interaction of light
with ponderable matter is unique, valid, and beyond
our capabilities. The examples above are representative
of the many diverse quasi-microscopic treatments of the
Abraham–Minkowski controversy and there is no unique
quasi-microscopic model [9]. There are many ways
to couple and average the quasi-microscopic material
properties with the electromagnetic properties that are
systematically derived from the macroscopic Maxwell–
Minkowski equations. In the end, the total linear mo-
mentum is the sum of the electromagnetic momentum
and the material momentum. The correctness of the pro-
cedure is rooted in the fundamental basis of the model
and the derivation. However, the spacetime conservation
laws that are given in Sec. 3B by the relations (3.36)–
(3.39) are not necessarily satisfied. We provided specific
examples, using the models of Pfeifer, Nieminen, Heck-
enberg, and Rubinsztein-Dunlop [9], of Barnett [16], and
of Ramos, Rubilar, and Obukhov [13], where the con-
tinuity equation for the total energy is proven to be
false. More importantly, these are general results as
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shown in Sec. 3C. Any construction of the total energy–
momentum tensor must be based on energy and momen-
tum densities corresponding to the time independent to-
tal energy, Eq. (3.53), the time independent total momen-
tum, Eq. (3.52), and diagonal symmetry. Then the four-
divergence of the total energy–momentum tensor that is
constructed using Maxwellian continuum electrodynamics
will always result in a provably false energy continuity
equation, even if a phenomenological material energy–
momentum tensor is assumed.
E. Inconsistency between continuum
electrodynamics and special relativity
The Einstein theory of special relativity invokes trans-
formations between different inertial reference frames
moving at constant velocities in vacuum [50]. The
Lorentz factor
γv =
1√
1− v2/c2 (3.77)
plays a vital role in determining whether laws of physics
satisfy the relativity principle. Einstein showed that the
Maxwell equations for electromagnetic fields in the vac-
uum exhibit Lorentz invariance. Subsequently, Laue [35]
showed that the Einstein velocity sum rule explained
nineteenth-century experiments of light dragging by a
moving dielectric [40] thereby significantly contributing
to the acceptance and development of Einstein’s theory of
special relativity. Specifically, Laue’s work cemented the
identification of the vacuum Lorentz factor, Eq. (3.77),
with special relativity in a dielectric [50, 51].
There have been, from time to time, phenomenological
arguments [32–34] that the Lorentz factor for a dielectric
should depend on the refractive index. This is confirmed
in the current work because the symmetry of equations
Eqs. (2.6), which are valid theorems of Maxwellian con-
tinuum electrodynamics, selects the material Lorentz fac-
tor
γd =
1√
1− n2v2/c2 (3.78)
for an arbitrarily large, isotropic, homogenous (∇n = 0)
block of simple linear dielectric because Eqs. (2.6) are iso-
morphic to the vacuum Maxwell equations, Eqs. (3.30),
with c → c/n and e → −Π [18, 21, 22, 37]. See
Sec. 6. This result is contradicted by the Laue [35, 36]
description of the Fizeau [40] water tube experiment in
terms of the relativistic Einstein velocity addition theo-
rem [23, 36]. As a result, the material Lorentz factor,
Eq. (3.78), is ruled out experimentally as a violation of
special relativity. Consequently, the equations of motion
for the macroscopic fields given by Eqs. (2.6) are proven
false by special relativity exactly as described by jour-
nal referees. Because the set of equations, Eqs. (2.6), is
a valid theorem of axiomatic continuum electrodynam-
ics, the axioms of the theory, the dielectric Maxwell–
Minkowski equations, Eqs. (2.4), are also disproved for
a simple linear dielectric.
Both sets of equations, Eqs. (2.4) and (2.6), are for-
mally and mathematically equal under the same phys-
ical conditions and yet correspond to incommensurate
Lorentz factors. It is not a matter of which version of
the Lorentz factor is correct or whether one might bet-
ter fit relativity under certain conditions. The cause of
this direct contradiction is that operations of the formal
theory of Maxwellian continuum electrodynamics alter
the symmetry of the dielectric Maxwell–Minkowski equa-
tions. This issue of relativity in a dielectric is complemen-
tary to the Abraham-Minkowski controversy in which op-
erations of the formal theory of Maxwellian continuum
electrodynamics alter the energy–momentum tensor for
electromagnetic fields propagating in a simple linear di-
electric.
IV. LAGRANGIAN FIELD DYNAMICS IN A
DIELECTRIC-FILLED SPACETIME
At the fundamental microscopic level, dielectrics con-
sist of tiny bits of host and polarizable matter, embedded
in the vacuum, with interactions of various types. Ac-
cording to Lorentz, the seat of the electromagnetic field
is empty space. If a light pulse is emitted from a point
(xa, ya, za) at time ta then spherical wavefronts are de-
fined by
(x− xa)2 + (y − ya)2 + (z − za)2 = (c(t− ta))2 (4.1)
in a flat four-dimensional vacuum Minkowski spacetime
Sv(ct, x, y, z). Equation (4.1) underlies classical electro-
dynamics and its relationship to special relativity. Al-
though light always travels at speed c [52], Eq. (4.1) is
only valid at very short range before the light is scat-
tered by the various microscopic features of the dielec-
tric. While the microscopic picture is always valid, there
are practical difficulties in treating all of the interactions
as light traverses a dielectric.
In continuum electrodynamics, the dielectric is treated
as continuous at all length scales and the macroscopic
refractive index n is defined such that light travels with
an effective speed of c/n. In an arbitrarily large simple
linear dielectric medium with an isotropic homogeneous
index of refraction n, spherical wavefronts from a point
source at (xa, ya, za) and emitted at time ta are defined
by
(x−xa)2 + (y− ya)2 + (z− za)2 =
(
c(t− ta)
n
)2
. (4.2)
At this point, we postulate Eq. (4.2), instead of Eq. (4.1),
as the basis of a theory of continuum electrodynamics
and derive the consequences for field theory, classical con-
tinuum dynamics, classical continuum electrodynamics,
special relativity, spacetime, and experiments.
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We consider an arbitrarily large region of space to
be filled with a simple linear isotropic homogeneous di-
electric that is characterized by a linear refractive in-
dex n. For clarity and concision, we will work in a
regime in which dispersion can be treated parametrically
and is otherwise negligible such that n is a real time-
independent constant for a transparent dielectric, as de-
scribed in Sec. 2. We define an inertial reference frame
S(x, y, z) with orthogonal axes, x, y, and z, and require
that the origin of the reference frame is significantly in-
side the volume that is defined by the surface of the di-
electric medium. We denote a time-like coordinate in the
medium as x¯0. If a light pulse is emitted from the origin
at time
τ = x¯0/c = 0 , (4.3)
then
x2 + y2 + z2 = (x¯0)
2
(4.4)
describes spherical wavefronts in S. The four-vector
(x¯0, x, y, z) represents the position of a point in a
four-dimensional, isotropic, homogeneous, flat, non-
Minkowski material spacetime Sd(x¯0, x, y, z). Clearly,
the new time-like coordinate x¯0 is associated with cτ =
ct/n, while x0 = ct is the usual time-like coordinate in
a vacuum Minkowski spacetime. The material spacetime
reduces to ordinary Minkowski spacetime if n = 1.
The basis functions, exp(−i(nω/c)(x¯0 − kˆ · r)), define
the null surface, x¯0 = kˆ · r. Fig. 3 is a depiction of
the intersection of the light cone with the x − x¯0 plane
in the flat material spacetime Sd showing the null x¯0 =
x. There will be a different material spacetime for each
value of the refractive index, but the half-opening angle
of the material light cone will always be α = pi/4 in the
corresponding material spacetime. The unit slope of the
null in the x − x¯0 plane of the non-Minkowski material
spacetime is related to the coordinate speed of light in a
simple linear dielectric by
∆x
∆t
=
∆x
∆x¯0
dx¯0
dt
= 1 · c
n
=
c
n
.
This equation shows that the effective speed of light in a
simple linear dielectric medium is attributable to renor-
malization of the time-like coordinate x¯0 by n.
For a system of particles, the transformation of the
position vector xi of the i
th particle to J independent
generalized coordinates is
xi = xi(τ ; q1, q2, . . . , qJ). (4.5)
Applying the chain rule, we obtain the virtual displace-
ment
δxi =
J∑
j=1
∂xi
∂qj
δqj (4.6)
𝑥
𝑥0
FIG. 3: Null cone for light depicted in the x¯0 − x plane of a
flat, non-Minkowski material spacetime that corresponds to a
simple linear dielectric.
and the velocity
ui =
dxi
dτ
=
J∑
j=1
∂xi
∂qj
dqj
dτ
+
∂xi
∂τ
(4.7)
of the ith particle in the new coordinate system. Substi-
tution of
∂ui
∂(dqj/dτ)
=
∂xi
∂qj
(4.8)
into the identity
d
dτ
(
mui · ∂xi
∂qj
)
= m
dui
dτ
· ∂xi
∂qj
+mui · d
dτ
(
∂xi
∂qj
)
(4.9)
yields
dpi
dτ
· ∂xi
∂qj
=
d
dτ
(
∂
∂(dqj/dτ)
1
2
mu2i
)
− ∂
∂qj
(
1
2
mu2i
)
.
(4.10)
For a system of particles in equilibrium, the virtual
work of the applied forces fi vanishes and the virtual
work on each particle vanishes leading to the principle of
virtual work ∑
i
fi · δxi = 0 (4.11)
and D’Alembert’s principle∑
i
(
fi − dpi
dτ
)
· δxi = 0. (4.12)
Using Eqs. (4.6) and (4.10) and the kinetic energy of the
ith particle
Ti =
1
2
mu2i , (4.13)
we can write D’Alembert’s principle, Eq. (4.12), as
J∑
j
[(
d
dτ
(
∂T
∂(dqj/dτ)
)
− ∂T
∂qj
)
−Qj
]
δqj = 0 (4.14)
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in terms of the generalized forces
Qj =
∑
i
fi · ∂xi
∂qj
. (4.15)
If the generalized forces come from a generalized scalar
potential function V [53], then we can write Lagrange
equations of motion
d
dτ
(
∂L
∂(∂qj/∂τ)
)
− ∂L
∂qj
= 0, (4.16)
where L = T − V is the Lagrangian. The canonical mo-
mentum is therefore
pj =
∂L
∂(dqj/dτ)
(4.17)
in a linear medium. Comparable derivations for the vac-
uum case, τ → t, appear in Goldstein [53] and Marion
[55], for example. This version of canonical momentum
differs from the existing vacuum formula because the di-
electric time τ appears instead of the vacuum time t.
The field theory [54] is based on a generalization of
the discrete case in which the dynamics are derived from
a Lagrangian density L. The generalization of the La-
grange equation, Eq. (4.16), for fields in a linear medium
is
d
dx¯0
∂L
∂(∂Aj/∂x¯0)
=
∂L
∂Aj
−
∑
i
∂i
∂L
∂(∂iAj)
. (4.18)
This equation differs from the Lagrange equation for
fields in the vacuum [54]
d
dx0
∂L
∂(∂Aj/∂x0)
=
∂L
∂Aj
−
∑
i
∂i
∂L
∂(∂iAj)
(4.19)
in that differentiation is performed with respect to the
material time-like coordinate x¯0 instead of the vacuum
coordinate x0. We take the Lagrangian density of the
electromagnetic field in the medium to be
L = 1
2
((
∂A
∂x¯0
)2
− (∇×A)2
)
. (4.20)
Again, differentiation is performed with respect to the
material time-like coordinate x¯0 instead of the vacuum
coordinate x0. Furthermore, the Lagrangian density is
explicitly quadratic in the macroscopic fields correspond-
ing to real eigenvalues and a conservative system.
Equations (4.18) and (4.20) form the basis for a new
canonical theory of macroscopic fields in a simple linear
dielectric. The new theory has similarities in appearance
to the macroscopic Maxwell equations, but it is disjoint
from the Maxwell theory because it is based in a non-
Minkowski material spacetime Sd(x¯0, x, y, z) instead of a
vacuum Minkowski spacetime Sv(x0, x, y, z). Construct-
ing the components of Eq. (4.18), we have
∂L
∂(∂Aj/∂x¯0)
=
∂Aj
∂x¯0
(4.21)
∂L
∂Aj
= 0 (4.22)
∑
i
∂i
∂L
∂(∂iAj)
= [∇× (∇×A)]j (4.23)
for the Lagrangian density given in Eq. (4.20). We
substitute the individual terms, Eqs. (4.21)–(4.23), into
Eq. (4.18), then the Lagrange equations of motion for the
electromagnetic field in a dielectric are the three orthog-
onal components of the vector wave equation
∇× (∇×A) + ∂
2A
∂x¯20
= 0 . (4.24)
For fields, the canonical momentum density
Πj =
∂L
∂(∂Aj/∂x¯0)
(4.25)
from Eq. (4.21) supplants the discrete canonical momen-
tum defined in Eq. (4.17).
We can write the second-order equation, Eq. (4.24), as
a set of first-order differential equations. To that end, we
introduce macroscopic field variables
Π =
∂A
∂x¯0
(4.26)
B = ∇×A. (4.27)
Here, Π is the canonical momentum field density whose
components were defined in Eq. (4.25) after making the
substitutions indicated by Eq. (4.21). Substituting the
definition of the canonical momentum field Π, Eq. (4.26),
and the definition of the magnetic field B, Eq. (4.27), into
Eq. (4.24), we obtain a Maxwell–Ampe`re-like law
∇×B + ∂Π
∂x¯0
= 0 . (4.28)
The divergence of Eq. (4.27) and the curl of Eq. (4.26)
respectively produce Thompson’s Law
∇ ·B = 0 (4.29)
and a Faraday-like law
∇×Π− ∂B
∂x¯0
=
∇n
n
×Π . (4.30)
The divergence of the variant Maxwell–Ampe`re Law,
Eq. (4.28), is
∂
∂x¯0
∇ ·Π = −∇n
n
· ∂Π
∂x¯0
. (4.31)
Integrating Eq. (4.31) with respect to the time-like coor-
dinate yields a modified version of Gauss’s law
∇ ·Π = −∇n
n
·Π− ρb, (4.32)
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where −ρb is a constant of integration corresponding
to a bound charge density. Based on the derivation of
these equations, it is required that the source terms in
Eqs. (4.30) and (4.32) that involve the gradient of the
refractive index are, at most, perturbative, essentially
limiting the theory to an isotropic homogeneous block of
simple linear dielectric draped with a gradient-index an-
tireflection coating. See Sec. 5. We have not included
free charges and a free-charge current because it is an
unnecessary complication and because an inviscid inco-
herent flow of non-interacting charges in the continuum
limit moving unimpeded through a continuous dielectric
cannot be justified at the level of rigor that we are em-
ploying in the current work.
This completes the set of first-order equations of mo-
tion for the macroscopic fields, Eqs. (4.28)–(4.30) and
(4.32). Consolidating the equations of motion and drop-
ping the inhomogeneous source terms, we have the equa-
tions of motion for macroscopic electromagnetic fields in
an isotropic homogeneous simple linear dielectric,
∇×B + ∂Π
∂x¯0
= 0 (4.33a)
∇ ·B = 0 (4.33b)
∇×Π− ∂B
∂x¯0
= 0 (4.33c)
∇ ·Π = 0 , (4.33d)
derived from field theory for quasimonochromatic elec-
tromagnetic fields in a linear dielectric-filled, flat, non-
Minkowski continuous material spacetime.
In this article, the theory of quasimonochromatic ra-
diation interacting with a simple linear dielectric has
been discussed primarily in terms of an arbitrarily large
isotropic homogeneous medium or a block of an isotropic,
homogeneous, linear dielectric material draped with a
gradient-index anti-reflection coating. At some point, we
will be required to deal with the boundary conditions of
piecewise homogeneous linear dielectric materials. Re-
flection and refraction are experimentally uncomplicated
and it would be unpleasant if the usual Fresnel formulas
failed to work for the new theory. On the other hand, it
is apparent that the usual derivation of the Fresnel rela-
tions [5, 41, 48, 55] by application of the Stoke’s theorem
and the divergence theorem to the Maxwell–Minkowski
equations will not work when applied to the new field
equations, Eqs. (4.33). We will rigorously derive bound-
ary conditions and the Fresnel relations by conservation
of energy and the application of Stoke’s theorem to the
wave equation in a separate publication [56].
We cannot rigorously relate the ordinary macroscopic
Maxwell field equations, Eqs. (2.4), equations to the re-
sults of our derivation, Eqs. (4.33), In Secs. 2 and 3,
we defined Π in terms of the macroscopic Maxwell E
field, Eq. (2.5), in order to discuss some concepts in
terms of the familiar Maxwellian continuum electrody-
namics. In the current formalism, the usual macroscopic
Maxwell fields E and D are not definable in terms of Π
because the refractive index is contained in the coordi-
nate and is not a free material parameter. As disclosed
by Rosen [33], there is a different theory of relativity
associated with each isotropic homogeneous medium in
which a limiting speed is associated with the phenomena
that take place in the medium. Likewise, there is a dif-
ferent theory of electrodynamics for each linear medium,
labelled i, with refractive index ni and the different the-
ories correspond to disjoint isotropic, homogeneous, flat,
non-Minkowski material spacetimes [33] (Sd)i(x¯i, x, y, z).
Then the macroscopic Maxwell equations, Eqs. (2.4) or
(2.2), cannot be derived as valid theorems from our new
axioms, Eqs. (4.33), and we cannot insert, by hand, famil-
iar expressions that were derived from Maxwellian con-
tinuum electrodynamics into the new theory.
Nevertheless, we would like to informally compare and
contrast the new theory with Maxwellian continuum elec-
trodynamics. There is sufficient commonality with the
classic theories that simple phenomena like refraction
and wave velocity have equivalent formulations in the
new theory. Then, there are special cases in which
the new {Π,B} continuum electrodynamics can be phe-
nomenologically related to the usual Minkowski repre-
sentation {E,B,D,H} of the macroscopic Maxwell equa-
tions. These typically involve situations in which only
one of the equations of macroscopic electrodynamics is
needed, such as the wave equation
∇× (∇×A) + ∂
∂x¯0
(
∂A
∂x¯0
)
= 0 (4.34)
that is derived by substituting the definitions of the
macroscopic fields, Eqs. (4.26) and (4.27), into the
Maxwell–Ampe`re-like law, Eq. (4.33a). Therefore, we
can be assured that the extensive theoretical and exper-
imental work that is correctly described by the macro-
scopic Maxwell theory of continuum electrodynamics has
an equivalent, or nearly equivalent, expression in the new
theory. Nevertheless, we must be very careful about in-
tegrating established concepts of Maxwellian electrody-
namics into the new version of continuum electrodynam-
ics.
More interesting is the work that we can do with
the new formalism of continuum electrodynamics that
was improperly posed in the standard Maxwell theory
of continuum electrodynamics. These cases will typi-
cally involve the invariance or tensor properties of the
set of coupled equations of motion. This interpretation
is borne out in our common experience: the macroscopic
Maxwell–Minkowski equations produce exceedingly ac-
curate experimentally verified predictions of simple phe-
nomena like reflection, refraction, Fresnel relations, wave
propagation, etc., but fail to render a unique, uncontro-
versial, experimentally verifiable prediction of energy–
momentum conservation. In the next sections, we will
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demonstrate the utility of the new formalism of contin-
uum electrodynamics by addressing energy–momentum
conservation and special relativity in a dielectric.
V. CONSERVATION LAWS AND {Π,B}
ELECTRODYNAMICS
The derivation of the continuity equation of a property
flux density is described following Eq. (3.29) as applying
the divergence theorem to a Taylor series expansion of
the property density field ρ and the property flux den-
sity field g = ρu to a continuous flow in an otherwise
empty volume [1]. Here, we are treating the continu-
ous (continuum limit) flow of photons (light field) in an
arbitrarily large, isotropic, homogeneous, simple linear
dielectric of refractive index n. Therefore, the conditions
on the flow differ from the vacuum conditions that are
assumed for the usual spacetime conservation laws that
were discussed in Sec. 3B. Microscopically, dielectrics are
mostly empty space. But, in the continuum limit, di-
electrics are continuous at all length scales and the light
field cannot be treated as if it is flowing in an otherwise
empty volume.
It is necessary to modify the spacetime conservation
laws that were presented in Sec. 3B for the flow of a pho-
ton fluid in a non-empty volume. As shown in Eq. (4.5),
the generalized temporal coordinate in a dielectric-filled
volume is τ . Then a continuity equation has the form
∂ρ
∂τ
+∇ · (ρu) = 0 (5.1)
in an arbitrarily large region of space that is filled with an
isotropic, homogeneous, simple linear dielectric material.
We can compare the conservation laws in a dielectric-
filled spacetime with the conservation laws Eqs. (3.36)–
(3.39), in an empty volume.
1) Continuity equations in a dielectric have the form of
Eq. (5.1), instead of Eq. (3.29). Writing a scalar continu-
ity equation for energy and a scalar continuity equation
for each of the three components of the momentum, row-
wise, we obtain the matrix differential equation
∂¯βT
αβ = 0 (5.2)
instead of Eq. (3.36) as a condition for conservation of
energy and momentum for a continuous unimpeded flow
in a dielectric-filled spacetime. The four-divergence op-
erator
∂¯β =
(
∂
∂τ
,
∂
∂x
,
∂
∂y
,
∂
∂z
)
(5.3)
replaces Eq. (3.7) because τ , not t, is the independent
temporal coordinate.
2) The total energy and the total linear momentum
Pα(τ) =
∫
σ
Tα0dv = Pα(τ0) (5.4)
are constant in dielectric time τ for each α.
3) The trace of the total energy–momentum tensor is
proportional to the mass density ρm
trace
{
Tαβ
} ∝ ρm (5.5)
and is zero for light.
4) If the total energy–momentum tensor of the inci-
dent field is diagonally symmetric then the total energy–
momentum tensor inside the dielectric medium is diago-
nally symmetric
Tαβ = Tβα (5.6)
as a matter of conservation of total angular momentum.
5) The extra continuity equation for the total energy
and the total momentum in a thermodynamically closed
system
∂¯βT
βα = 0 (5.7)
is obtained by substituting the symmetry condition,
Eq. (5.6), into the continuity condition, Eq. (5.2).
For each different medium, there is a different mate-
rial four-divergence operator, Eq. (5.3), and a different
material four-continuity equation, Eq. (5.2), due to the
dependence of the time-like coordinate of the material
four-divergence operator on τ .
We can demonstrate consistency of the new formula-
tion of continuum electrodynamics with the conservation
laws inside a dielectric-filled spacetime. The equations of
motion for the macroscopic fields, Eqs. (4.28) and (4.30),
can be combined in the usual manner, using algebra and
calculus, to write an energy continuity equation
∂
∂x¯0
[
1
2
(
Π2 + B2
)]
+∇·(B×Π) = ∇n
n
·(B×Π) (5.8)
in terms of an electromagnetic energy density
ρe =
1
2
(
Π2 + B2
)
, (5.9)
an electromagnetic momentum density
g =
B×Π
c
, (5.10)
and a perturbative transient power density
p =
∇n
n
· (B×Π) . (5.11)
Likewise, we can combine Eqs. (4.28)–(4.30) and (4.32)
to derive the momentum continuity equation (see Sec. 6.8
of Jackson, Ref. [41])
n
c
∂
∂t
(B×Π)i +
∑
j
∂
∂xj
WT ij = fi , (5.12)
where the stress-tensor WT is
WT ij = −ΠiΠj −BiBj +
1
2
(Π2 + B2)δij (5.13)
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and
f = Π×
(∇n
n
×Π
)
−
(∇n
n
·Π
)
Π (5.14)
is a force density. Then the continuity equations,
Eqs. (5.8) and (5.12), can be written as a matrix dif-
ferential equation
∂¯βT
αβ = (p, f) , (5.15)
where
Tαβ =
(Π
2 + B2)/2 (B×Π)1 (B×Π)2 (B×Π)3
(B×Π)1 WT 11 WT 12 WT 13
(B×Π)2 WT 21 WT 22 WT 23
(B×Π)3 WT 31 WT 32 WT 33

(5.16)
is an electromagnetic matrix and
fα = (p, f) =
(
∇n
n
· (B×Π),
Π×
(∇n
n
×Π
)
−
(∇n
n
·Π
)
Π
)
(5.17)
is the four-force density.
We integrate Eq. (5.10) over all-space σ and obtain
G =
∫
σ
B×Π
c
dv. (5.18)
Likewise,
U =
∫
σ
Π2 + B2
2
dv (5.19)
is obtained by integrating Eq. (5.9).
We can apply a gradient-index antireflection coating to
an isotropic homogeneous simple linear dielectric in or-
der to greatly suppress reflections. Analytic and numer-
ical solutions of the wave equation for a quasimonochro-
matic pulse entering an antireflection coated simple lin-
ear dielectric from the vacuum shows that the ampli-
tude of the vector potential is reduced by
√
n and the
width is reduced by n, Sec. 3. Then the definitions of
the macroscopic canonical field Π and the macroscopic
magnetic field B, Eqs. (4.26) and (4.27), show that the
macroscopic fields in the dielectric are each greater than
the incident vacuum fields by a factor of
√
n. Neglect-
ing the small transients, the electromagnetic momentum,
Eq. (5.18), and the electromagnetic energy, Eq. (5.19),
are conserved. Then the electromagnetic momentum,
Eq. (5.18), is the total (electromagnetic plus matter) mo-
mentum and the electromagnetic energy, Eq. (5.18), is
the total (electromagnetic plus matter) energy. Conse-
quently, there is no significant energy or momentum con-
tained in any hypothetical unobservable subsystem and
there is no need for a mechanism in the theory to cou-
ple to any subsystem by a source or sink of either en-
ergy or momentum. In this limit, the right-hand side of
Eq. (5.15) is negligible. Then
∂¯βT
αβ = 0 (5.20)
conforms to the spacetime conservation condition,
Eq. (5.2). The other conservation conditions, Eqs. (5.4)–
(5.6), are also satisfied. Therefore, the macroscopic elec-
tromagnetic system, Eqs. (4.33), is thermodynamically
closed and Eq. (5.16) is the traceless, diagonally sym-
metric, total energy–momentum tensor and the matrix
differential equation, Eq. (5.20), is a tensor conservation
law.
All of the quantities that constitute the total en-
ergy density, total momentum density, and total energy–
momentum tensor are electromagnetic quantities with
the caveat that the gradient of the refractive index is
small. Although rigorous results are restricted to a lim-
iting case, the the real-world necessity of a non-zero gra-
dient adds only a small perturbative effect. The oppo-
site limit of a piecewise homogeneous medium without an
antireflection coating is handled using Fresnel boundary
conditions [56].
VI. MAXWELL EQUATIONS AND
DIELECTRIC SPECIAL RELATIVITY
In a 1952 article, Rosen [33] argues that there should be
a number of theories of relativity each associated with an
isotropic homogeneous medium in which a limiting speed
is associated with the phenomena that take place in the
medium. In Rosen’s special relativities [33], and earlier
work by Michels and Patterson [34], the vacuum speed
of light that appears in the Lorentz factor is phenomeno-
logically replaced by the speed of light c/n in the dielec-
tric. Rosen uses a model of an arbitrarily large dielectric
medium in which the observers have no contact with the
vacuum and proposes the refractive index-dependent ma-
terial Lorentz factor γd,
γd =
1√
1− n2v2d/c2
, (6.1)
where vd is the relative speed of the two coordinate sys-
tems in the dielectric. More recent work arrives at the
material Lorentz factor γd by a consideration of the trans-
formation symmetry of the macroscopic Maxwell equa-
tions [32]. The symmetry of Eqs. (4.33), c.f., Eqs. (3.30),
shows that their invariance will depend on the material
Lorentz factor, Eq. (6.1), not the Einstein, vacuum, ver-
sion of the Lorentz factor, Eq. (3.77).
In this section, we explore coordinate transformations
between inertial systems in an arbitrarily large (not spa-
tially infinite but can be treated as such in a limiting
case), transparent, isotropic, homogeneous, linear dielec-
tric medium and derive the previously phenomenological
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Rosen material Lorentz factor, Eq. (6.1). The assump-
tion of an arbitrarily large, isotropic, homogeneous, sim-
ple linear dielectric medium allows n to be treated as a
temporally and spatially invariant real constant over the
entire region of interest. The derivation here for light
signals that travel at speed c/n closely tracks the well-
known analogous derivation in the vacuum [50]. In Ref.
[37], we use boundary conditions to prove that the ma-
terial Lorentz factor applies to events that occur in the
interior of a simple linear dielectric and the Laue theory
is used to relate these physics to a Laboratory Frame
of Reference in the vacuum where measurements can be
performed, or in the terrestrial atmosphere where ap-
proximate measurements can be made. Then the mate-
rial Lorentz invariance of dielectric special relativity con-
firms our derivation of continuum electrodynamics based
on a flat non-Minkowski material spacetime. However,
boundary conditions are necessary to refer events that
occur inside a dielectric to a Laboratory Frame of Ref-
erence where physical measurements can be made in the
vacuum and this will entail the vacuum Lorentz factor
[37].
We consider two inertial reference frames, S(x, y, z)
and S′(x′, y′, z′), in a standard configuration [50] in which
x and x′ are collinear, y is parallel to y′, z stays paral-
lel to z′, and S′ translates at a constant speed in the
direction of the positive x-axis. The origins of the two
systems coincide at some initial time. At each point in
each coordinate system, time is measured by an idealized
clock and all the clocks in each coordinate system have
been synchronized by one of the usual methods.
As we are studying coordinate transformations in a
simple linear dielectric, both coordinate axes are asso-
ciated with inertial reference frames and are located in
the interior of an arbitrarily large dielectric-filled region
of space, Fig. 4. At time td = t
′
d = 0, a directional light
pulse is emitted from the common origin, labeled o, along
the y- and y′-axes. In the rest frame of the dielectric, S,
the pulse is reflected by a mirror in the dielectric at point
md and returns to the origin at time td = ∆td as shown
in Fig. 4. Then the distance from the origin to the mirror
is Dd = cd∆td/2, where cd is the speed of light in the rest
frame S of the dielectric.
The trajectory of the light pulse in the S′ frame of
reference is shown in Fig. 5. The translation of the S′
frame is transverse to the y-axis so the distance from
the mirror at m′d to the x
′-axis is Dd, the same as the
distance from the mirror at md to the x-axis. Viewed in
the S′ frame, the light pulse is emitted from the point o
at time t′d = 0, is reflected from the mirror at point m
′
d,
and is detected at the point d′d at time t
′
d = ∆t
′
d. During
that time, the point of emission/detection has moved a
distance vd∆t
′
d. The light is reflected from the mirror at
a time t′d = ∆t
′
d/2 making the distance the light travels
from the origin to the mirror c′d∆t
′
d/2, where c
′
d is the
speed of light in the direction −→om′d in the S′ frame of
reference. By the Pythagorean theorem,
(c′d∆t
′
d)
2 = (cd∆td)
2 + (vd∆t
′
d)
2. (6.2)
Dd
x
o
y
md
FIG. 4: Coordinate frame S in the dielectric.
Dd
dd
x
o
vd td
mdy
FIG. 5: Coordinate frame S′ in the dielectric.
We write the previous equation as
∆t′d =
∆td√
c′d
2/c2d − v2d/c2d
(6.3)
and define the Lorentz factor γd by
∆t′d = γd∆td (6.4)
such that
γd =
1√
c′d
2/c2d − v2d/c2d
. (6.5)
At this point, there are more unknowns than equations
and we can proceed no further without an additional con-
dition. When Einstein faced the equivalent problem for
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free space, he postulated that light travels at a uniform
speed c in the vacuum, regardless of the motion of the
source.
In his derivation of dielectric special relativity, Laue
considered a block of dielectric material situated in free
space. There is a reference frame for an inertial coor-
dinate system attached to the dielectric which moves at
constant speed with respect to a Laboratory Frame of
Reference in the vacuum. Laue [35, 36] showed that the
Fresnel dragging coefficient follows from the relativistic
addition theorem of velocities. Consequently, the speed
of light in the dielectric depends on the velocity of the di-
electric through the vacuum such that the speed of light
in the dielectric depends on the direction in which it is
measured. That is,
cd 6= c′d (6.6)
in the Laue theory. The Laue theoretical result is in
complete accord with the Fizeau water tube experiment
[36].
The fact that the speed of light in a dielectric depends
on the direction in which it is measured is settled physics.
But, let us be clear: The Laue theory and the Fizeau
water tube experiment are not directly applicable to the
current discussion because our physical configuration is
different. In our case, all frames of reference are inertial
frames of reference and are located in the interior of the
dielectric. There is no Laboratory Frame of Reference in
which to measure the velocity of the dielectric material.
The idea that c′d 6= cd is pervasive and it is commonly
assumed to be the case well outside the configuration
and conditions for which it was derived [37].
Consider an arbitrarily large, linear, isotropic, homo-
geneous, continuous dielectric medium. Here arbitrar-
ily large means that no signals can reach the boundary
from the place where an experiment is performed in the
time it takes to perform the experiment. The material
is continuous at all length scales, that is, we cannot un-
average or re-discretize the properties of the material. If
an observer in the medium, without access to the vac-
uum, measures the speed of light in two different direc-
tions and gets different answers then there is a privileged
reference frame in violation of the Einstein postulates. In
this case, Eq. (6.6) is false.
We adopt the viewpoint of Rosen, not Laue, for our
present configuration. Our observer (an inertial frame of
reference of a hypothetical observer), is in the interior
of an arbitrarily large continuous dielectric and therefore
has no access to the vacuum. Then, we can substitute
c′d = cd (6.7)
into Eq. (6.5) to obtain
γd =
1√
1− v2d/c2d
=
1√
1− n2v2d/c2
. (6.8)
The material Lorentz factor, Eq. (6.8), resolves the ap-
parent incompatibility between the equations of motion
of the macroscopic fields, Eqs. (4.33) (also Eqs. (2.6)),
and special relativity.
There are at least two arguments against Eq. (6.8).
i) One could argue that the Lorentz factor is always
the vacuum Lorentz factor, Eq. (3.77), because the di-
electric can always be modeled as particles and interac-
tions in the vacuum where Einstein’s special relativity
is valid. Contrariwise, the material is continuous at all
length scales in the limit of continuum electrodynamics,
Although one could, in principle, construct a microscopic
model of particles, fields, and their interactions in the
vacuum, our model is inherently macroscopic and cannot
be un-averaged or re-discretized. ii) According to Laue’s
implementation of the vacuum Einstein special relativ-
ity, c′d and cd are different in different directions for a
dielectric moving inertially with respect to a Laboratory
Reference Frame in the vacuum. As discussed above, the
configuration of the physical system that we are treating
is different from the system that was employed by Laue
[35, 36].
The speed of light cd will be different in different dielec-
tric materials and we can label different materials with
the index i. Considering only isotropic, homogeneous
linear dielectric materials in which the speed of light is
inversely proportional to a real constant ni, we obtain
γdi =
1√
1− n2i v2d/c2
(6.9)
as our material-specific Lorentz factor.
We can never place a matter-based observer, no matter
how small, in a continuous dielectric because the model
dielectric is continuous at all length scales and will al-
ways be displaced. Consequently, the necessity to make
non-optical measurements in a vacuum leads to the es-
tablishment of a Laboratory Frame of Reference. For an
observer in the vacuum of a Laboratory Frame of Ref-
erence, the symmetry is that of vacuum Lorentz trans-
formations corresponding to the vacuum Lorentz factor.
An observer in the vacuum, such as Fizeau [40], will mea-
sure the speed of light in a dielectric to be dependent on
the velocity of the dielectric relative to the Laboratory
frame of reference, an effect that Fresnel attributed to
ether drag. For an arbitrarily large dielectric, the ob-
server, in the form of an immaterial inertial coordinate
system, is in the medium and the speed of light in a di-
electric for this observer is c/n. It is not surprising that
coordinate transformations are different in the different
physical configurations.
VII. RECONCILIATION AND CONFIRMATION
A. The Balazs thought experiment
In 1953, Balazs [19] proposed a thought experiment
to resolve the Abraham–Minkowski controversy. The
thought experiment was based on the law of conservation
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of momentum and a theorem that the center of mass, in-
cluding the rest mass that is associated with the energy,
moves at a uniform velocity. The total energy
E =
(
p · pc2 +m2c4)1/2 (7.1)
becomes the Einstein formula E = mc2 for massive par-
ticles in the limit v/c → 0. For massless particles, like
photons, Eq. (7.1) becomes
p =
E
c
eˆk =
~ω0
c
eˆk , (7.2)
where eˆk is a unit vector in the direction of motion.
Equation (7.2) defines the instantaneous momentum of a
photon between scattering events in a microscopic model
of a dielectric. The description of the momentum of a
field in terms of the momentums of constituent photons
is difficult because the effective momentum of a photon
in the direction of propagation of the macroscopic field is
different from its instantaneous momentum due to scat-
tering. Some sort of averaging process is required, at
which point the photon description becomes a problem.
An additional issue with the photon description of light
propagation in a continuous dielectric is illustrated by the
commingling of macroscopic fields and the macroscopic
refractive index with microscopic photon momentum and
momentum states in a description of photon recoil mo-
mentum in a medium [57]. There are other complica-
tions, including an indefinite photon number, that cause
us to choose to choose a macroscopic classical description
for light propagation in a dielectric.
As an electromagnetic field propagates from vacuum
into a simple linear dielectric, the effective velocities
of photons in the field are reduced due to scattering.
There is a corresponding increase in photon density in
the dielectric. Likewise, the classical energy density
(Π2+B2)/2 and the classical momentum density B×Π/c
are enhanced by a factor of n in the dielectric, compared
to the vacuum. For finite pulses in a dielectric, the en-
hanced energy density is offset by a narrowing of the
pulse so that the electromagnetic energy
Utotal =
∫
σ
1
2
Π2 + B2
c
dv , (7.3)
is time independent for quasimonochromatic fields in the
plane-wave limit. The electromagnetic energy is the total
energy by virtue of being constant in time. Likewise, the
electromagnetic momentum,
Gtotal =
∫
σ
B×Π
c
dv , (7.4)
is time independent and is the total momentum. The
center-of-energy velocity of the field slows to (c/n)eˆk.
Invoking the Einstein mass–energy equivalence, it is
argued in the scientific literature [16] that some micro-
scopic constituents of the dielectric must be accelerated
and then decelerated by the field; otherwise the theorem
that the center of mass–energy moves at a constant ve-
locity is violated. For a distribution of particles of mass
mi and velocity ui, the total momentum
Ptotal =
∑
i
miui (7.5)
is the sum of the momentums of all the particles i in the
distribution. If the mass of each particle mi is constant,
the statement that the velocity of the center of mass
uCM =
∑
imiui∑
imi
(7.6)
is constant is a statement of conservation of total mo-
mentum. We know from Sec. 3 that the momentum,
Eq. (7.4), is time independent even though the center-of-
energy travels at speed c/n in the dielectric. Because of
the enhanced momentum density of the field in a dielec-
tric, the differential of electromagnetic momentum
δp =
B×Π
c
δv (7.7)
that is contained in an element of volume δv (a “parti-
cle”), is a factor of n greater than in the vacuum. For
a finite pulse, the narrower pulse width and enhanced
momentum density offset allowing the electromagnetic
momentum to be constant in time as the field enters,
and exits, the dielectric through the gradient-index an-
tireflection coating. Consequently, there is no need to
hypothesize any motion of the material constituents of
the dielectric to preserve conservation of momentum.
B. The Jones–Richards experiment
One of the enduring questions of the Abraham–
Minkowski controversy is why the Minkowski momen-
tum is so often measured experimentally while the Abra-
ham form of momentum is so favored in theoretical work.
We now have the tools to answer that question. The
Minkowski momentum is not measured directly, but in-
ferred from a measured index dependence of the optical
force on a mirror placed in a dielectric fluid [9, 10, 31].
The force on the mirror is
F =
d
dx¯0
(2cG) =
d
dx¯0
∫
V
2B×Π δ(z)dv , (7.8)
which depends on the total momentum density,
Eq. (5.10). If we were to assume F = 2dG/dt, which
is the relation between momentum and force in an oth-
erwise empty spacetime, then we would write
F =
1
c
d
dt
∫
V
2D×B δ(z)dv . (7.9)
Then one might infer from Eq. (7.9) that the momentum
density of the field in the dielectric fluid is the Minkowski
momentum density.
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The measured force on the mirror in the Jones–
Richards experiment [31] is consistent with both
Eqs. (7.8) and Eqs. (7.9), depending on what theory you
use to interpret the results. Clearly an experiment that
measures force, instead of directly measuring the change
in momentum in the dielectric, will not conclusively dis-
tinguish the momentum density. Specifically, the Jones–
Richards experiment does not prove that the Minkowski
momentum density is the momentum density in the di-
electric, as has been argued, nor does it prove that the
total momentum density, Eq. (5.10), is the momentum
density in the dielectric. However, based on the changes
to continuum electrodynamics that are necessitated by
conservation of energy and momentum in the propaga-
tion of light in a continuous medium, we can be assured
that Eq. (7.8) is the appropriate relation between the
force on the mirror and the momentum of the field in a
dielectric.
VIII. CONCLUSION
It has been said that physics is an experimental sci-
ence and that physical theory must be constructed on
the solid basis of observations and measurements. That
is certainly true for serendipitous discoveries like x-rays
and radioactivity; But Maxwell [58] used inductive rea-
soning to modify the Ampe`re law and construct the laws
of electromagnetics two decades before Hertz [59] demon-
strated the existence of electromagnetic waves. Later,
Einstein’s theory of special relativity violated the well-
established and experimentally verified law of conserva-
tion of mass and this law was inductively modified to
become the law of conservation of mass–energy. Math-
ematics is the language of physics and there are many
other examples (quantum mechanics, nonlinear optics,
high-energy particle physics, etc.) where theory led ex-
periments and not the other way around.
In this article, we treated Maxwellian continuum elec-
trodynamics as an axiomatic formal theory and showed
that valid theorems of the formal theory are contradicted
by conservation laws and showed that valid theorems of
the formal theory are contradicted by the Laue and Rosen
formulations of special relativity in a simple linear dielec-
tric. Axiomatic formal theory is a cornerstone of abstract
mathematics and the contradiction of valid theorems of
Maxwellian continuum electrodynamics by other funda-
mental laws of physics proves, unambiguously, that elec-
trodynamics, special relativity, and energy–momentum
conservation laws, as currently applied to dielectrics, are
mutually inconsistent.
We then established a rigorous basis for a reformula-
tion of theoretical continuum electrodynamics by deriv-
ing equations of motion for the macroscopic fields from
Lagrangian field theory adapted for a dielectric-filled
spacetime. We reformulated the conservation laws, which
were originally derived for the case of an unimpeded in-
viscid flow of non-interacting particles (dust, fluid, pho-
tons, etc.) in the continuum limit in an otherwise empty
volume for the flow of a light field in a dielectric-filled vol-
ume. We used coordinate transformations between iner-
tial reference frames in a dielectric-filled volume to derive
a theory of dielectric special relativity. The reformulated
versions of continuum electrodynamics, special relativity,
spacetime, field theory, and energy–momentum conserva-
tion laws are mutually consistent in a dielectric-filled vol-
ume. The Abraham–Minkowski controversy is trivially
resolved because the tensor total energy–momentum con-
tinuity theorem, the total energy–momentum tensor, the
total momentum, and the total energy are fully electro-
magnetic and unique for a thermodynamically closed sys-
tem consisting of a simple linear dielectric block draped
with a gradient-index antireflection coating that is illumi-
nated by quasimonochromatic light. The newly derived
theory makes a unique prediction that was shown to be
consistent with the Balazs [19] thought experiment and
the Jones–Richards experiment [31] and is consequently
compliant with the Scientific Method.
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